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cable  ronmncs 

By  Friedrich  0,  Ringleb 

PREFACE 

The  technical  development  of  the  aircraft  arresting  gear  required  the 
solution  of  a  considerable  number  of  problems  on  cable  dynamics  which  had 
not  previously  been  studied.  Accordingly  *  during  the  last  ten  years, 
this  development  vaa  accompanied  by  extensive  basic  investigations  on 
cable  dynamics  both  in  this  country  and  abroad.  The  results  of  these 
studies,  though  initiated  by  the  arlcraft  arresting  gear  development,  are 
of  general  technical  and  scientific  interest  and  in  their  application 
not  restricted  solely  t©  this  device.  The  purpose  of  the  present  monograph 
is  to  furnish  a  systouatical  treatment  of  cable  dynamics,  with  particular 
respect  to  recent  developments  in,  but  without  restriction  to,  aircraft 
arresting  gear  application.  The  examples  which  sro  Included  refer 
generally  to  arresting  devices,  and  the  numerous  comparisons  between 
theoretical  and  measured  results  make  use  of  much  of  the  axperimsntal 
work  conducted  during  arresting  gear  development  tests. 
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INTRODUCTION  — j 

Under  cable  dynamics  ve  understand  most  generally  the  relations  which 
describe  the  motion  of  an  elastic  cable  and  the  stress  distribution  in  it 
if  an  initial  motion,  an  initial  stress  distribution  and  the  forces  are 
prescribed  which  act  on  the  cable  from  outside  during  its  motion.  The 
initial  motion,  say  at  the  time  zero,  is  given  by  an  arbitrarily  prescribed 
position  of  each  cable  point  and  aa  arbitrarily  prescribed  velocity  and 
direction  cf  motion  of  eaeh  cable  point  at  this  tine.  The  initial  stress 
distribution  is  given  by  an  arbitrarily  prescribed  stress  in  each  cable 
point  at  this  time.  The  outside  forces  acting  on  the  cable  during  its  motion 
are  given  by  its  magnitude  and  direction  in  each  cable  point  os  functions 
of  their  initial  positions  and  the  time. 

In  praxis,  the  initial  state  of  motian  will  mostly  be  the  state  of 
rent,  and  the  initial  stress  will be  a  constant  stress  from  which  the  motion  and 
a  transient  stress  distribution  will  develop  due  to  the  action  of  outside  forces. 

The  transmission  of  outside  forces  to  a  cable  involves  fixed  or  moving 
masses  attached  to  the  cable  or  moving  along  the  cable  like  anchors,  links, 
hooka,  sheaves  and  pulleys.  It  is  the  interaction  of  such  masses  with  the 
cable  motion  which  yields  the  more  complicated  problems  of  cable  dynamics. 

Apong  the  forces  aeting  from  outside  on  the  cable,  the  impact  forces 
are  of  special  interest.  Such  forces  are  typical  for  the  aircraft  arresting 
gear.  Here  a  stretched  cable  is  engaged  suddenly  by  the  tailhook  of  the 
landing  airplane  with  its  landing  speed  In  a  direction  perpendicular  to  the 
cable.  The  force  acting  on  the  cable  rises  in  this  case  suddenly  from  zero 
to  a  finite  ved.ua  producing  on  infinite  acceleration  at  an  infinitely  anall 
mass  of  the  cable.  The  solution  of  such  and  similar  impact  problems  comprises 
a  main  part  of  more  recent  developments  in  cable  dynamics, 
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In  the  following  investigations,  the  elastic  cable  which  is  in- 
hOBogenous  at  least  in  structure  and  mostly  also  in  the  material  will  be 
replaced  by  an  equivalent  elastic  homogenous  string  in  a  way  to  be  specified 
later.  Elastic  strings  have  been  studied  for- mere  than  a  hundred  years.  The 
classical  theory  cf  the  elastic  string  contained  in  most  textbooW  on 
mechanics  deals  with  the  motion  of  such  string  under  the  simplifying 
assumption  that  the  stress  within  the  string  is  approximately  constant 
and  that  the  displacements  of  its  elenmts  and  the  slopes  of  the  string 
remain  small  during  its  motion.  These  assumptions  of  the  linearized  theory 
are  too  narrow  for  modern  applications,  especially  for  am  application  to 
the  aircraft  arresting  gear  where  none  of  these  assumptions  is  satisfied. 

More  general  in  scope  would  be  the  method  in  which  the  cable  is  replaced 

t 

by  a  chain  of  small  masses  and  nasslass  springs.  However,  for  a  large  number 
of  such  masses  and  springs,  this  method  becomes  hopelessly  complicated,  and 
approximations  with  small  numbers  of  such  masses  and  springs  yield  results 
which  are  too  inaccurate  to  be  of  value, 

A  first  general  aen-liasar  theory  of  the  vibrating  string  in  analogy  to 
the  Fourier-anslyola  in  the  classical  caaa  has  been  worked  out  in  l^hj  by 
Q.  ?.  Carrier  (l)  who  determined  by  series  expansions  the  motion  of  a  string 
with  given  Initial  position  and  initial  velocity  under  the  influence  of  its 
stress  only.  This  theory  is  still  rather  laborious  and  not  especially  well 
fit  for  the  solution  of  impact  problems. 

The  simplest  impact  problem,  the  longitudinal  Impact  at  the  and  of  on 
infinitely  long  straight  cable  or  bar,  has  been  solved  directly  In  1063 
by  B,  de  Saint  Venant  (2)  who  determined  the  atrese  which  is  produced  in 
the  cable  for  the  case  of  a  constant  impact  velocity  by  a  simple  formula. 

Lf.  See  Heferetroes  1,  3,  k  and  5 
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But  it  was  not  before  1^48  that  similar  simple  formulaa  for  the  perpendicular 
and  oblique  impact  with  slight  approximations  have  been  derived  by  the 
author  of  the  present  monography.  These  formulas  have  been  used  since  in 
this  country  and  abroad,  especially  for  arresting  gear  studies  and  for 
further  theoretical  developments.  The  impact  formulaa  can  be  used  for  the 
stepwise  solution  of  any  cable  dynamics  problem,  if  the  number  of  required 
steps  is  not  too  large  to  be  practical.  ThiB  method  of  approach  to  problems 
of  cable  dynamics  vhich  moreover  reflects  in  the  beat  way  the  physics  of 
the  phenomena  involved  ia  cloaely  related  to  the  method  of  characteristics 
which  hao  been  successfully  used  also  in  other  fields  of  physics  and  seems 
to  be  the  simplest  way  of  approach  to  the  problems  in  question.  It  also 
baa  been  followed  by  other  authors  in  this  field  and  will  be  applied  in  this 
monography  too, 
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Modulus  of  elasticity  of  cable  (lbs/ft2) 

Maas  density  of  cable  material  (lba.sec^/ft^) 

Mass  density  of  cable  material  at  sero  stress  (lbs,sec2/ft^) 
Cross  section  area  of  cable  (ft2) 

Cable  lengths  (ft) 

Tension  (lbs) 

Stres*  (lbB/ft2) 

Initial  tens i cm  (lbs) 

Initial  stress  (lbs/ft2) 

Elongation  (ft) 

Rectangular  coordinates  in  plana  of  cable  action  (ft) 
Abscissa  of  a  cable  point  in  initial  position  along 
x-axis  at  time  /•  0  (ft) 

Ties  (sac) 

Angle  between  cable  eleaent  and  x-axls 
Longitudinal  wave  velocity  (ft/aeo) 

Longitudinal  wave  velocity  at  sero  etreee  (ft/a«c) 
Transverse  wave  velocity  (ft/aeo) 

Impact  velocity  (ft/sec) 

Particle  velocity  (ft/aeo) 

Kink -velocity  (ft/sec) 

Impact  angle 
Energies  (ft/lbe) 

Diasnalcsiaae  energy  coefficient# 
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CHAPTER  It  BASIC  CONCEPTIONS  AND  RELATIONS 
>  1.  The  Elastic  String 

By  an  elastic  string ,  ve  mean  a  circular  cylinder  of  homogenous 
material  whose  diameter  ia  small  compared  with  ita  length,  which  iB  com¬ 
pletely  flexible,  is  elongated  if  a  load  is  applied  longitudinally,  and 
which  assumes  its  original  length  if  the  load  is  removed. 

The  load  by  which  the  string  is  elongated  is  called  its  tension  7* 
measured  usually  in  pounds. 

With  the  elongation  of  the  string  due  to  a  load,  a  lateral 
contraction  is  normally  combined,  Therefore,  the  cross  section  area  Cj 
decreases  vith  increasing  load.  The  true  stress  <$  of  the  string  is 
defined  by  the  relation 

*  T 

(1) 

which  1b  the  load  per  unit  cross  section  area.  In  technical  considerations, 
uhe  stress  is  usually  defined  by 

w 

where  <-ja  ia  the  original  cross  section  area  belonging  to  the  load  taro. 

The  true  otreoo  is,  therefore-  larger  than  the  stress  plainly,  for  materials 
which  do  not  elongate  very  much  under  high  loads,  the  difference  between  <j 
and  <jo  ia  generally  negligibly  small  so  that  there  is  no  remarkable 
difference  between  the  two  definitions  of  the  stress.  This  la  not  the  case, 
however,  for  very  extensible  snterials. 

In  the  following  ve  will  use  the  technical  definition  (2)  of  the 
stress,  but  before  that  va  will  discuss  sods  relations  which  permit  us  to 
estiaate  the  error  resulting  from  the  assumption  of  a  constant  cross  auction 
area  ^  . 
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j  2,  Hooks's  Lav  of  Elasticity 

He  denote  by  ^  the  length,  of  a  straight  elastic  string  with  the 
initial  stress  zero  (see  Figure  l).  Then  Hooke's  lav  states  that  to  an 
elongation  £a  corresponds  a  stress  6^  which  is  proportional  to  that 
elongation.  If  the  factor  of  proportionality  is  denoted  by  ve  have 

S  =  is 

The  constant  £  is  called  the  modulus  of  elasticity. 

Actually  this  statement  is  no  general  Lav,  but  a  characterisation 
of  the  material.  It  is  very  Veil  satisfied  by  most  ratals. 

Nov  if  l  is  the  length  of  the  same  string  having  the  stress  S’* 


l s  4  * 


Elongating  this  Btring  about  another  amount  £  ve  obtain  a  stress 


which  is  determined  by 


i 

£  ~  ~ 


Eliminating  from  the  equations  (3)  t  (5)  the  values  /  and  £  ve  obtain 

<F-  5. 

Fr~  i 
TT?  *  1 

_  cz 

vhich  is  the  expression  for  Hooke's  ]av  if  the  string  has  initially  the 


length 


and  the  stress 


6"  l  £m  £ 

If  Is  negligibly  small  catpared  vith  1  ■« - — * - ^l-*- -Ll»*  —  cH 

£  [  1  !  1 

1  which  is  the  case  for  as  tala  and  steel  cables  ? — .  i>  l  i 

I  ' 

with  heap  core  formula  (6J  can  be  simplified  1^ - -  - - - 
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3*  Lateral  Contraction 

Ve  consider  an  elastic  string  with  the  initial  stress  6^  ■  O 
and  assume  that  uooke's  lav  is  valid.  From  the  expression  (6)  for  Hooke's 
lav  follows  then: 


where  l  is  now  the  length  of  the  string  vith  zero  stress,  £  its 
elongation  and  6*  the  resulting  stress.  It  is  generally  assumed  that  the 
lateral  contraction  is  proportional  to  the  elongation  and,,  tterefore,  to  the 
stress.  If  this  is  actually  the  case,  and  if  we  denote  by  el  the  disuse  ter 
of  the  string  et  zero  stress  and  vith  the  negative  value  cT  ,  its  contraction 
due  to  the  load  ve  get 

f  /  G 

J  *  £  (95 


vrtsere  -  ±  is  the  factor  of  proportionality.  ~~  is  called  Poisson's  ratio. 
S'  is  the  true  strasa,  We  denote  now  with  S'  the  stress  related 


to  the  initial  cross  section  area 


at  zero  stress.  Then 


%  a  (ifv  , 


■£  « //  jz  I2 

%  {  c/  ' 

r  r 

7  * 


and  because  of  (9)  and  (lO) 


£ 

S’ 

X  *•*» 

/ /-  J. 

sr  ); 

£ 

£  ( 

m 

£  / 

This  ahov^  that  the  simple  ohm  a  a  $  ia  always  smaller  than  the  true  stress  §*, 
For  mstflle  and  steel  wire  cables  vith  hemp  core  the  value  £  X  ia  negligibly 
small  cestparod  with  1  for  all  stresses  smaller  than  the  braking  stresses.  In 
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these  eases,  therefore,  £T  »  *q  is  alvoys  a  very  good  approximation, 

For  other  materials  and  cables,  the  error  mads  by  setting  <o  »•  6T 
can  he  estimated  from  this  formula. 

In  general,  the  volume  of  the  string  varies  vlth  the  load.  In  the  present 
cane,  the  initial  volurea  under  assumption  of  sdre  stress  is 

%•%* 

and  the  volume  at  the  stress  ($  corresponds  to  the  elongation 


Therefore 


V  ®  f  ( l+-z) 

IT.  t  f,  +  &) 

//  4  (  1/ 


We  denote  by  p  tha  msi>  density  of  the  string  material  at  tha  etrees  o  and 
especially  with  tha  mass  density  of  tha  string  at  sero  stress.  Then 

v  =  ii 

v.  P 

and  because  of  (l2),  (10)  and  {8} 


p  °  (/tm7n  i )  f*  +  £) 


Is  small  compared  vlth  1,  this  stress  density  relation  yiej.de 


sr  “  /  +  ' 


Therefore,  the  density  is  constant  vith  varying  6*  if  ^  ;  0,5.  For 

avail  extension#,  rubber  satisfies  this  relation  vlth  good  approximation 
(  ~  •  0,h6).  For  metals,  the  value  of  ^  is  mostly  near  0.3, 

The  cross  section  area  is  constant  vlth  varying  6T  if  ^  #  0,  o  case 
which  is  never  accurately  re sliced  in  nature.  In  this  case,  tha  stress  density 


relation  (l4)  yields 


«=  /  +  § 
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In  tine  following  *  cable  will  always  be  considered  an  elastic  string,, 
However,  a  cable  has  not  a  homogenous  structure.  It  consists  of  strands  of 
xml form  or  frequently  of  different  materials.  It  has  to  be  defined,  therefore, 
in  which  way  such  cable  has  to  be  replaced  by  an  equivalent  elastic  string. 
Since  the  elastic  string  will  be  in  any  case  only  an  approximation  with 
respect  to  the  characteristic  properties  of  the  cable,  ouch  definition 
will,  to  a  certain  degree,  always  be  an  arbitrary  one. 

For  the  following  investigations  ve  have  In  mind  cables  consisting 
of  strands  of  a  homogenous  material.,  mostly  metal  wire  and  njattl  wire  cables 
with  a  core  of  hemp  or  a  similar  supporting  material.  Of  main  interest  for 
the  dynamics  of  such  cable  are  its  elastic  and  its  inertia  properties,  while 
its  geometrical  structure  is  less  important.  The  elastic  properties  are 
determined  mainly  by  the  metal  strands.  We  relate,  therefore,  a tree so a  to 
the  metallic  cross  section  area  and  call  this  ^  »  Since,  however,  we  do  not 
vitih  to  neglect  the  mass  of  tha  heap  or  other  supporting  material  if  ouch  is 
present,  ve  define  the  mass  density  of  tha  equivalent  atring  by  tha  relation 

where  A/  la  the  weight  in  pounds  of  the  cable  per  foot  length  and  Cj  :  32.2 
ft/eec  the  acceleration  due  to  gravity  vhile  ^  is  the  metallic  cross 
section  area  (ft  ).  As  mentioned  before  <q  will  be  considered  as  constant 
with  varying  laads  so  that  the  following  investigations  concern  the  ideal 
case  of  a  Poisson's  ratio  of  z  0. 
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The  following,  Table  1,  contains  sane  data  for  a  steel  wire  cable 
with  heap  care  which  contains  6  strands  with  19  wires  each,  Measurements 
which  are  discussed  in  this  iconography  have  been  done  mostly  with  cables 
of  this  series. 


TABLE  1 


hasdnal 

Diameter 

Inches 

Maximum 

Piteh 

Inches 

Metallic 

Are| 

Pt 

Weight 
per  foot 

lba/ft 

Breaking 

Strength 

*aax 

lbs 

Mass 

Density 

Ibs/sec2/^ 

Elasticity 

Modulus 

lbs/ft2 

U/l6 

i.5 

0.00119 

0.71 

46000 

18.51 

7/8 

5.7 

0.00210 

1.23 

73000 

13.20 

1 

6.5 

0.u0274 

1,60 

95000 

18.12 

1-1/8 

7o 

0.00346 

2.03 

119000 

18.20 

Average 

1-1A 

8.1 

0.CO42Q 

2.50 

l46ooo 

18.13 

Value 

1-3/8 

8.9 

0.00519 

3.03 

175000 

18.12 

18.3.10s 

1-1/2 

9.8 

0,00617 

3.60 

208000 

18.10 

1-5/8 

iu.6 

0,00725 

4.-3 

242000 

18,10 

1-3A 

11,4 

0.00838 

4.90 

280000 

lflil6 

• 

lrf/8 

12,2 

0.00962 

5.63 

314000 

18.19 

i 

1 

t 

2 

13.0 

0.0109k 

<  40 

350>ooo 

18.16 

The  elasticity  aeodull  £.  in  this  tr  ji*  have  been  aaasursd  at  relaxed 


csdxLea.*  The  ratio  ..jffifc*  wh^re  'the  breaking  stress  hsn 

for  all.  these  cables  a  value  near  0.01(3. 


Figure  2  shews  the  lengths  of  a  1"  cable  repeatedly  loaded  and  measured 
for  different  loads.  It  proves  that  Hooke's  lav  of  elasticity  is  very  well 
satisfied  up  to  loadings  near  the  breaking  strength. 

*  Compare  References  1^,  19. 


u 


J 


4*»-P44{LA. .  PA. 


PACE  13 


,  V-  jvri-  V  f/w^v  . . 


(ttv,  tt«  SI) 


FIGURE  2  ' 

MEASUREMENT  C3F  THE  ELASTICITY  MODULUS 
GF  A  1"  -DIAMETER  CABLE 


REPORT  IUFACT-ERO-6169 
PA8E  14 


I  inches 
16+.$ 


m.o 


163$ 


f 

- ^ 

z.2010/ /  / 

/ Ao$ 10/ 

Third 


7 

'Second , 


/£* /S.iO  /0*^ 


NAVAL  AIRCRAFT  FACTORY 

NAVAL  AIR  MATERIAL  CENTER 

PHILADELPHIA.  PA. 


4ND.NAMC*t4«« 


R5R0RT  NO  NAEF -ENG-6l69 

”1 

Chanter  II,  Longitudinal  Motion  of  a.  Cable 

•  !•  Mathematical  Description  of  the  Longitudinal  Gable  Motion 

We  consider  a  c&hle  vhich  is  initially  situated  along  a  straight 
Une  and  has  a  constant  initial  stress  ,  We  choose  this  straight  line 
as  x-axis  of  a  one  dimensional  coordinate  system  with  a  point  &  as  origin. 

The  motion  of  .the  cable  is  restricted  to  a  motion  in  this  line.  The  initial 
time  is  t  *  0.  At  this  time  any  cable  point  P  has  a  certain  x -coordinate 
which  we  denote  by  S  (see  Figure  3).  This 


point  moves  with  the  cable  motion 
and  has  at  a  time  £  >  0 
a  position  P/ 


I 

4" 


P(ho)  i 


Figure  3 


P' 

(t*o) 


The  coordinate  of  this  point  is  denoted  by  x.  Any  other  cable  point  P 
with  a  different  coordinate  S  at  the  time  t  -  0. moves  in  the  same  time 
into  another  position  with  a  different  x-coordinate.  In  general,  the 
motion  of  the  total  cable  is  described  by  the  x-values  which  belong  to 
the  initial  J  values  at  any  time  t,  with  other  words  by  a  function 

(17) 

At  the  time  t  •  0  the  point  P  coincides  with  P.  Therefore,  the  function 
(s,  t)  has  to  satisfy  the  condition 

JY^  0)  «  0  (l8) 


for  all  values  of  S  .  For  instance,  the  function  x  «  a  +  ct  describes 
a  longitudinal  translation  of  the  cable  each  point  s  moving  with  the  constant 
velocity  c  toward  the  right  if  c  is  positive  and  to  the  left  if  c  is  negative. 

Any  arbitrary  function  x  ajf  (s,  t)  vhich  satisfies  the  condition  (l8) 
represents  actually  a  longitudinal  cable  motion  which  can  be  produced  physically 
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2.  Equations  of  Motion  and  Stress 


We  consider  an  element  of  the  cable  moving  longitudinally  under 
the  influence  of  the  tension  vithin  the  cable  only  (see  Figure  4).  At 


the  time  t  :  0  the  element  is 
situated  between  two  points 
with  the  coordinates  s  and 


At  the  time  t  ■  const,  >0 


it  is  situated  between  the 


points  x  and  x  +  <d  x  ■ 
x  +  ^  AS. 


The  mass  of  the  element  is  in 


t »  consent  >  O 


tmO 


TV  IT- 


P\  ax 


S+AS 


Figure  4 


both  positions  the  same  and  equal  AS  •  P  where  p  is  the  mass  density 

of  the  cable  material  under  the  initial  stress  &0  3  const,  and  Cj  the 

cross  section  area  which  is  supposed  to  be  constant  during  the  motion. 

At  the  time  t  ;  const,  a  tension  difference  moves  the  element, 

_  <?7* 

the  tension  at  x  being  equal  7"  and  at  x  +  xJ  x  equal  T±A  f  *  TV  ,~j  AS  • 

^  y 

The  moving  force  is,  therefore,  equal  —7  AS  .  The  elongation  . 

O'* 

at  the  time  t  *  const,  is  then  determined  by  Newton's  law  which  yields 

a  At-  S3*  *%**  ?7*  ^  „ 

i»2i  .  2£.  fl< 

*  bt*  VS  W 


This  equation  connects  the  two  unknown  functions  x  and  S*  of  the  variables 
S  and  t. 

Another  condition  for  these  two  functions  is  obtained  from  Hooke's 
lav.  The  original  length  of  the  cable  element  l  s  AS.  Its  elongation 
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due  to  the  stress  S  is  ^  —  2)5  -  AS*  Hooke's  law 

in  the  fora  of  equation  (6)  yields,  therefore 

V  Ox  . 


■which  is  another  equation  connecting  the  two  unknown  functions  x  and  6* 
of  s  and  t. 

■  If  ve  eliminate  Cf  from  both  equations  (19)  and  (2$)  differentiating 

O  iC” 

at  first  equation  (20 )  with  respect  to  s  and  replacing  afterwards  ~2  hy 
the  left  side  of  equation  (19)  ve  obtain 


where 


<??*■  * 


Thic  is  the  condition  which  the  function  x  mj  (a,  t) _ 

has  to  satisfy  if  it  describes  the  longitudinal  motion  of  a  cable  under 
the  influence  of  tension  forces  only. 

If  x  r  /  (a,  t)  ia  a  special  solution  of  equation  (2l)  the 
stress  belonging  to  this  solution  follows  from  equation  (20). 

If  a  is  small  compared  with  1  between  the  density  f>  at 
the  stress  6“,  and  the  density  at  zero  stress  the  relation 

fi  eL 

had  been  derived  (equation  (l?}).  Using  ^  instead  of  /®  in  formula 
(22)  ve  obtain  1— — — ..  .. 

*'-(•+  f/x 
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1  Wave  Veloeitv  ~! 


3»  3oIution  of  the  Wave  Equation  and  the  Longitudinal  Wave  Velocity 
Equation  (2l)  is  known  under  the  name  of  wave  equation  which  is 
suggested  by  the  physical  meaning  of  its  solution.  Its  general  solution 


is  given  by 


X  -  F{s+-c£)  i-  &  ff- ct) 


where  F  and  G  are  arbitrary  functions  of  the  arguments  s  +  ct 
respectively  s  -  ct  which  possess  two  derivatives  with  respect  to  these 
.arguments.  That  x  is  a  solution  of  equation  (2l)  can  be  easily  verified 


by  differentiation.  We  have 

|i,=.  s" 


$  -  c(F-  S') 

I L  =  cVr'+  S') 


and  therefore 


2i  a 


Here  the  primes  denote  the  derivatives  with  respect  to  the  total  argument 


of  the  function,  for  instance 

/-/  r'  c/G 

In  order  to  find  the  physical  meaning  of  the  solution  (24)  we  consider 


the  special  case 


x  3  Fts+ch 


with  a  positive  value  of  the  constant  c.  For  t  «  0  this  solution  yields 
x  .  F{>)  <v.  do  not  satisfy  yet  the  former  condition  x  •  a  for  t  •  0). 

In  Figure  5  th®  function  x  »  F  (s)  is  plotted  in  a  rectangular  (0,  x)  - 
coordinate  system,  W®  coaiidsr  a  point  P  of  this  curve  belonging  to  the 
abscissa  s.  In  Figure  5  is  further  plotted  the  ourv®  «  P[\  -f  ct)  for 
a  q distant  value  of  the  time  t.  We  consider  the  point  P,  of  this  curve 
which  belongs  to  the  value  #  s/  ct  of  the  variable  s^  . 
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Than 


Xt  t=  F(S,  +ct)  ss  FC^-cf  +ct)  *  F(sS)  n  X 

This  shows  that  the  curve  xf  ;  F  (a/  ♦  ct)  is  &  tr anoint loo  of  the  curve 

In  negative  a-dlrection  about  the  amount  ct.  If  the  time  t  increases 

the  curve  x  a  F ( a)  moves  parallel  to  itself  in  this  direction  with  the 

velocity  c.  Such  motion  is  called  a  wav*- mot ion  and  c  the  wave  velocity. 

Tha  point  P  given  by  x  •  ^”(0)  for  a  constant  a  at  the  time  t  ■  0 

moves  during  the  time  t  into  the  position  <Jy  determined  by  x  *F( 0  +  ct). 

If  vre  project  P  and  Q  on  the  x-axia  which  represents  the  cable  we  get  the 

points  ?'  and  Q/  .  Here  is  ^  ths  position  of  the  cable  jjoint  P/  after 

the  time  t  due  to  the  cable  motion.  It  should  be  noted  that  with  the  wave 

motion  the  point  P  does  not  move  parallel  to  the  a-axie  into  the  position  P 

but  upwards  into  the  position  . 

1  — 
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In  the  same  way  the  solution  x  ;  Q  (a  -  ct)  represent*  &  wave 
motion  projected  on  the  x-axis  with  the  opposite  direction  of  motion  hut 
vith  the  same  speed  c. 

c  is  called  the  longitudinal  wave  velocity  for  the  cable  motion. 

But  it  must  be  remembered  that  it  is  a  velocity  related  to  the  variable  s. 

The  value  of  c  has  been  determined  by  equation  (23). 

The  general  solution  (24)  of  the  wave  equation  consists  accordingly 
in  tvo  vaves  running  in  opposite  directions  vith  the  same  speed  c.  We  can 
now  satisfy  the  condition  (lQ)  that  x  •  s  for  t  •  (>.  The  tvo  arbitrary 
functions  in  equation  (24)  are  than  reduced  to  one  only  by  the  condition 

s  -  R  s)  +  G-(s) 


and,  therefore 


(r(s  —  ct)  e  -ct  -  Ffs-ct) 


X  a  F(S  +Ct)  -  F(f-ct)  +  *T-  ct 


F  ia  an  arbitrary  function  of  the  argument  §  if  we  denote  by  C 
either  a  +  ct  or  s  «  ct,  W«  can  write  alto 

F(<)  =  4(t)  *  4 

where  <t>(0  it  another.  arbitrary  function  of  £  . 

Then  equation  (25)  talas  the  form 

X  -  <p(S  +  ct)  *  1—  -  ( <}>  (s-  ct)  *  )  f  S-ct 


y  3=  ${s+ct)  -  $(s-ct)  *  S 
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Wa  apply  the  general  result  of  the  preceding  section  contained  in 


tbs  formulas  (26),  (27)  and  (28)  to  the  case  of  the  longitudinal  impact. 

W«  assume  for  this  purpose  that  a  cable  vlth  infinite  length  is  situated 
along  the  negative  x-axis  ending  in  0  and  having  the  initial  stress  6*0  = 
constant  at  the  time  t  ;  0.  Immediately  afterwards  point  0  moves  suddenly 


with  the  constant  velocity  ve  in  positive  x-directian  (see  Figure  £>). 


€£  •  const. 


- 


FIGURE  6 

In  the  initial  position  thp  J-  values  of  the  cable  points  satisfy  the 
condition  a  ^  0.  Since  at  this  tins  t  *  0  the  cable  is  in  rest  formula  (27) 
yields 


(pCs)  »  O  Jor  S  £  0 


(29) 


For  t  >  0  point  0  (s  s  0)  moves  with  tha  velocity  v#  .  Thus  formula  (27)  gives 


<P'(ct)  +  0>(-ct)  =  &  Jor  t>0 

Because  -ct  is  negative  0  (~c£)  -  0  according  to  (29)  • 
The ref  ore 

Cb  fct)  sr 

C 


<30) 


<P*('t)  -  Jor  t  >0 


of  'or  any  variable  according  to  (29)  and  (3l) 

<PU)  ~o  Jor  t  So  ,  <P'tt)  =  f  Jor  £>o 

In  tho  geceral  relation  (27) 

&  a  0fo+ctj  +  <P‘{S~ct) 


(31) 

(32) 


tho  variable  3  -  ct  ia  always  0,  therefore,  always 


P'Cs-et)  *  o 


L. 
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In  tbs  suae  way  follows  for  the  stress  S’ 


£~j>* 

£ 
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££  *  (*(S  +  ct)  so  Jor  f+et*o 
c 

s  ~  jor  S+d  >  0 


2.  (p'ff  +  ci)  *0  Jor  j^c/iLq 
S  JT°  Jor  f+cf  >0 

L 


The  stress  €>  induced  by  the  impact  is*  therefore,  constant  and  given  by 


er-gg 

£. 


=  i£ 

~  c 


The  formulas 


and  (?)4)  show  that  the  b tress  given  b\ 


propagates  vith  the  longitudinal  wave  velocity  c  toward  the  left  and  the 
points  ndsr  stress  are  moving  with  the  velocity  v0  while  beyond  the  point 
9  ;-ct  the  cable  is  still  in  rest  (see  Figure  7). 


(*) 


FIGUHS  7 

If  5#  *0  formula  (35)  yialdfl 

f  *  f  .  ( 

Because  of  (22)  c  is  given  than  by  and  equation  (36)  can  be  written 

also  in  the  form  —  . 


0= %  firp 


which  is  B,  dfi  Saint  Variant's  formula  derived  in  1868  (*), 
If  ie  negligibly  small  compared  with  1,  the  longlti 
fcrw.vla  (35)  can  be  simplified  to 

r-  60  _  Vo 

£.  c 


*  Refexiace  2. 


NAVY— HP*  *NO~Ht*LA.,  PA. 


ax. 


I 

NAVAL  AIRCRAFT  FACTORY 
NAVAL.  AIR  MATERIAL  CENTER 
PHILADELPHIA.  PA. 

4ND  HAMi-»A»»  REBORT  NO  NAEF'ENG”6l69 

I  The-  general  result  (35)  can  be  derived  in  an  elementary  vay  if  the  ! 

longitudinal  wave  velocity  e  ia  known.  It  is  physically  rather  obvious  thax, 

the  impact  with  a  constant  velocity  vQ  (see  Figure  7)  roust  produce  a 

constant  stress  e spec  tally  if  the  cable  is  considered  as  a  chain  of  small 

missis  and.  massless  springs,  While  new  durirg  the  time  t  point  0  moves 

about  v  t  the  stress  €  propagates  up  to  the  point  -ct.  Beyond  -ct  the 

cable  ia  in  rest.  Thus  an  original  cable  length  £  •  ct  has  been  elongated 

about  the  amount  €  c  v#t  .  According  to  Hooke's  lav  in  the  form  (6)  is, 

therefore,  ?<-$» 

g.  % 

m  c 

Of  interest  is  the  energy  balance  for  the  case  of  a  longitudinal 
impact  with  a  constant  velocity  v^. 

The  work  which  ie  done  at  the  cable  end  0  moving  it  during  the  time  t 
against  t>-e  tension  T  tj  G 

H  «*  t  (39) 

Thia  energy  is  divided  in  tvo  parts,  the  kinetic  energy  Hm  of  the  moving 

cable  oegjaant  and  the  stcain  energy  in  this  segment.  We  have 

.  s 

pCL  >  ZS.  (40) 

£ 

since  the  length  of  the  moving  cable  segment  ia  ct  and,  therefore,  (fp>c£ 
its  mass  and  _  , 

*  1±£?  a 

*  *  “  (41) 


because  the  strain  energy  is  the  work  necessary  to  elongate  the  segment.  The 
force  required  far  this  work  increases  linearly  froa  to  s?  .  Its 
maan  value  ia  ?  •  The  path  on  which  this  work  ia  done  ia  the  elongation 

Vtt  .It  oust  be  now 

H  *  Hm* 

which  yields 

u 
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r 


or 


z/t 

=  PC  J  + 

f  if* 

IT 

"1 

6r-~ea  _ 

£C*  V. 

£ 

£  c 

(42) 

ahovs  that 

pc  *■ 

~£L 

/  £s 

C^3) 

Therefore,  the  formula  (42)  is  Identical  with  (35)  and  proves  that  the 
energies  are  correctly  balanced. 

From  the  elementary  derivation  of  the  longitudinal  impact  formula  (35)  and 
the  energy  balance  inversely  follows  the  formula 

e'*bk)i 

for  the  longitudinal  vave  velocity  c. 

From  (40)  and  (4l)  ve  obtain  the  relation 
Hr  _ 
him 


pa 


If  ve  replace  here  pc*  by  E(  I  +  z?)  f  ram  formula  (44)  and  g* 


by 


(F  — 


/ 


,4-  £> 
& 


from  the  longitudinal  impact  formula  (35) 


ve  find 


Hm  * 

6*- 

which  shows  that  for  sero  initial  stress 

Hr,  a  Mr 

so  that  the  total  energy  is  equally  split  in  kinetic -and  strain  energy. 
Par  6'  t  0  the  strain  energy  is  slvays  larger  than  the  kinetic  energy. 


(44) 


(45) 


l- 
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r  5,  Longitudinal  Motion  and  Stress  of  an  Infinite  Cable  ^ 

A  cable  of  infinite  length,  is  situated  initially  at  the  time  t  -  0 
along  the  negative  x-axis  ending  in  point  0  and  having  the  initial  stress 
•  const.  Beginning  with  the  time  t  ■  0  point  0  is  supposed  to  move  with 
&  given  velocity  in  positive  x-direction  where 

K 

is  a  given  function  of  the  time  t. 

This  problem  is  the  same  as  that  of  the  preceding  section  except 
that  now  V0  is  variable  with  the  time.  The  determination  of  the  unknown 
function  $(■*.  h  is  dene  in  complete  analogy  to  the  longitudinal  impact 
problem.  At  the  time  t  a  0  the  velocity  ctf  aach  cable  point  a  £  O  is  zero. 

Thus  from  (27) 

£$0  (46) 

For  t  >  0  point  0  (s  «  0)  moves  with  the  velocity  ve  3  f#(t).  Thus  from  (27) 


and  since  -ct  negative 


$‘(ct)  4-  <p'(-ctj  =  ~J  /or  t>0 

iivQ  /  r  / 

<P(ch  -  /or  />o 

C  ,  therefore,  /'/fJ 


For  any  variable  £  therefore, 

<fiU)  =  o  </ 

The  velocity  u  generally  is  consequently 


<P(0  = 


'/  f  >0  (W) 


Jor  4  *  t  g  0 


*  c  §  +  f  *  a 

according  to  formula  (27)  and  the  stress  given  by 

r-s-6 

£  =  U  (? 

~  c 

according  to  formula  (28).  If  ve  define  the  function  for  negative  £ 


to  be  aero  then  si  way a 


M.VT-NP* 


j 
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(pi) 


For  a  constant  l£  ■  j£  this  formula  is  identical  with  the  longitudinal 
iaqpaot  formula  (35)* 

If  ~  is  small  compared  with  t  formula  (51)  yields 


izl?/ 

£•  /  £. 


ifjM) 


or  under  restriction  to  the  first  power  of  jr 


£z£® 

T 


ik?  y- 


•  3  a  « 
—  J 


« 

where  is  the  velocity  and  &s=a  acceleration  of  the  cable  end 


point. 


The  last  result  shove  that  the  stress  near  the  oable  end  point  <5 


is  increasing  toward  the  cable  end  point  if  the  acceleration  is  positive  and 

decreasing  if  the  acceleration  is  negative^ 

Of  interest  is  an  example  in  which  the  velocity  of  the  cable  end  point 

0  increases  from  zero  approaching  asymptotically  a  constant  value  i/0  , 

/ 

tfa  choose  accordingly  Jft)  *  V  ( f  ~  ) 

The  stress  which  develops  in  this  case  follows  from  formula  (5l)  which  yields 

In  Figure  8  Vi  •  IV  to*  plotted  the  values  of  **  Jf J  V0rflUfl 

for  different  values  of  the  time.  repar«n&s~  that  cafcl/e  In  its  initial 

position  shortened  by  the  factor  ^  .  It  is  interesting  to  see  that  the  stress 
increases  with  increasing  velocity  (t)  and  if  the  value  2£  is  reached 
(for  t  *  00  )  assumes  the  impact  stress  value  belonging  to  ,  This  indicates 


that  the  stress  maximum  is  independent  of  the  acceleration  but  depends  only 


on  the  final  velocity. 
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i  6,  Longitudinal  Mstioa  and  Stress  of  a  Finite  Cable  j 

We  assume  that  a  finite  cable  is  situated  initially  in  rest 
between  the  values  s  s  0  and  as  l  and  has  the  initial  stress  6^  - 
constant  (see  Figure  9).  It  is  agsua&d  that  for  t  >  0  the  4nd  point  s  =  0 
moves  vith  the  velocity  V,  -  J.fi)  and  the  end  point  s  mi  with 

the  velocity 


6- 

o 

s*o 


V  -f,w 


(<s0) 


*■  tV. 


S  •  £ 


FIGURE  9 


for  this 


For  the  determination  of  the  function  $  s 

/  / 

•ffiOtiopa  ire  use  again  the  formula  (27)  ££  =  $  ff+CcJ  +-  (fi  ff-cZ) 

as  in  the  case  of  the  cable  with  infinite  length.  At  the  time  t  -  0 

the  velocity  of  the  cable  point  £  where  0  &  S  £  /  ia  sero.  Therefore 

for  O^Stl. 

For  t  >  0  the  point  a  a  0  moves  with  the  velocity  K  »  J^/ZJ  and  the  point 
J*  a?  l  with  the  velocity  Vj  -a  Therefore, 

f’fct)  +  <P'(-ct)  =  j  j/o 

*  pft-ci)  =  i  Jjt) 


t>0 


For  any  variable  ^ 


we  have  accordingly 

<p‘«)=Oj  ° 


f  so 

$  'a)  *■  </>'(- 1)  -  (?)  -  4  (f)  l 

f'a+n  *  ~  h^t) 


r  >0 


(53) 
(5M 
(55) 

Tbs  last  three  equations  determine  tho  function  4>(0  for  all  values  of  ^ 

The  first  equation  (53)  determines  <p  in  the  interval  O  £;  f  £  0,  For 
these  values  of  ^  the  term  ( f)  in  the  second  equation  (54)  is  determined 
(equal  sero).  Thus 


L 
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4>(-S)  *  4  (t)  Jor  /i  f  >0 

This  equation  determines  vithin  the  interval 

-  /  *  f  <  O 

In  the  third  equation  (5$)  the  function  <P  (l~  ()*0tat  %  -values  O  tt  f  £  l • 

Thu*  ,  <P't 'i*S)*<x(t)  *”  /if  >4 

This  equation  determines  4>rt)  vithin  the  interval 

/  i  <  f  t  il 

Hmr  In  equation  (5T)  fiff)  Is  determined  for  2  <  f  ^  <?/. 

We  can  write  this  equation 

</>'(/+()  -a  0Y-Z-O  =  -t.tt+t) 

where  now  ($  ( Z  "f"  % )  is  determined  for  /  a*  ^  ^  O  ,  Thus 
determines  vithin  the  interval 

-21  £  f  <  -  / 

Equation  (5fc)  asn  be  written 

+  $(-%)  9 

(p'(-{)  is  determined  for  1  £  %  >0  Thus 

+  +?)-<£'(- 1) 

determines  <Pft)  vithin  the  interval  2/  <  f  3 1 

and  so  on. 

The  following  table  2  contains  the  continuation  of  these  recurrent 
formulas  s 
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TABLE  2 


The  Equation 

detersives  $*(f) 

vithln  the  interval 

<t'(-  f) .  Aft) 

4'(l+t).4x(0 
$‘(-1-0*  Afi+t)-<p'(Ul) 

0  ft  /  £  t 

-?  & 

/  <  f  £  4? 

"*?/  »  f  <  ~  / 

tp'di-t) « 4,(*f*-t)~<p'(2f+ 0 
<?  '(si +  ()•  A(Jt+t)-0  ?-/-  f) 

4,  -  J.,  (s?*-  f)  -  Q'fsi* f) 

f  ^ 

“3  /  6  f  <  — 

-♦/  5  f 

(fi'f'tl *  t)  *  -^A  + 

<p'(-vt~t)a 

4 'frU t)  -  4x(*f*fJ-p/f- if-  fj 
(fi'f-sht)  °  4,  (*l  +f)  -  <4 f) 

ft  <f  z  s'/ 

-s/  if  <c~¥? 

J /  <  /  £ 

£•  f  /(  ~  $/ 

<p'(tl+t)  •  4X( sU()- 

1)  -  41.  ((i+?)-$'{cnc) 
<t'(7f+f)  -  4x(tt+f)-<p%s?-r) 
<p'(-V-t)  =  J„  (7/x  fj  .  (.) 

il  <  f  s  7/ 

-7/  a  J=-i-/7 

7  /<•?£<?£ 

-if  if  <-7/ 

<p'(t?H)  •■/l(7UfJ-  $?.£}. f) 

ti  <(%<)? 

-94  zt  <~s4 
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fxt  the  interval  end  points  p  '  has  in  general  discontinuities,.  If  we  ~ I 

eliminate  successively  the  <p  values  on  the  right  sides  of  the  equations  of 
table  2  ve  find  the  result: 

Within  the  intervals  between  the  points  3>  ££>  ^^•"the  function  $SS) 
is  determined  by  the  equations 

cp'/'Qw  o 
(p * l" ()  > 

fj  .  4,  (*M)  -  4  (1*  V  A  4,  ffj 

t) .  -ttfj’+fi  -  4  fi+b  +An  J 
= 4,(s/+i)-  4  * 4  -  4tfJ 

(4?  +f)  *  4  {}?'*'  5 )  ~  4  (3?+t)  + 

$*(-4/-fJ*  4  { 4?  +f) -  4 { V ■+?)  +  —  +  4/V 

<t'M+t)  -Aht+O-^W+f) 

t  eg\ 

•4,(sl+S)  +■<,  ti/H) -■$»(*/+!)+$,  ^+f)-4,n) 

f'Hl'V'Ats?*!)-  + *x(st+t)-4, (#*fj4 

t'f-o-l)  ^X(d+t)-$i(^+t)  +4,(¥f*h  -  4  (}?■>■$)  +4,  fiUtJ 

m  /?+  fj  ^  CfJ 

$'(ll+U  *At((l+$-t,(sf+n  +<x(*Ut)-4,(s?+t)  +4/3?+£) 

-  f)  +  4X  (fj 


bo  on  "Yherc 


u 


NAVY-HPA  AHD-PHtLA..  PA. 


J 

PAGE  33 


4ND‘MAUe*14«9 


NAVAL  AIRCRAFT  FACTORY 

NAVAL  AIR  MATERIAL  CENTER 
nHttAOfiLrHU,  fa. 


4,(f)  $  J,(?)  >  i  J3({) 


rirory  no  NAEF  -ENG-6169 

n 

(57} 


The  velocity  U,  of  any  cable  point  3  at  any  time  t  is  than  determined  by 

jr  *  4>‘(s  +  cl ')  +  (p'fs-ci')  (53) 

and  the  stress  £  by 

£~£*/  t  +  ~*  «  ^  rs+ctj  -  (p'u-ctj  (59) 


This  result  shows  that  the  problem  in  question  requires  addition 
or  subtraction  of  values  of  the  given  functions  (57)  only  for  its  solution. 
These  functions,  determining  the  velocities  of  the  cable  end  points  can  be 
given,  therefore,  also  graphically,  no  analytical  expression  being  necessary 
for  the  determination  of  the  velocity  and  the:  stress  as  functions  of  a  and  t. 
The  determination  of  x  (equation  26)  requires  an  integration  which  can  be 
performed  graphically  too, 

Example  1: 

We  consider  the  case  of 


V,  «  -o.  v, .  Ja(/j  m  m  constant 

which  represents  the  longitudinal  in^aat  at  a  finite  cable  vhore  one  end  point 
is  fixed  and  the  other  end  point  suddenly  moves  with  the  constant  velocity  tfc  , 

Int““c‘M  o,  4  m  =  p 

are  both  constants.  The  equations (56)  yield 

fyfj  -  o  4>*(U  +  :)*  :  $ 


p'tit+f)  -  z* 
rt-iZ-tj  « I  f 


u 
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The  function  0^  for  all  values  of  £  is,  therefore,  of  the  shape 
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“1 


represented  in  Figure  J.Q*  Let  us  determine  nov,  for  Instance,  the  velocity 


U  and  the  stress  €>  in  the  cable  point  situated  originally  at  J's  - 
■i  Then  et  •  l  and 


at  the  time  t  « 


2  ‘  J  -  2 
Thus  because  of  (58)  and  (5$)  using  the  graph  Figure  9 

(p'fs+ct)  w  j  (p'es-ct)  cr  Q 


U  *  Vo  , 

S'  -  _  / .  ,  re  \  V, 


-  0*  ?)  ¥■ 


Figure  10  shovs  the  stress  developmsnt  over  the  length  — * 


as  function 

of  ,  At  the  cable  end  ^  /  the  longitudinal  ispact  stress 

determined  by 


s*s- 


Vi 


builds  up  »t  the  time  t  «  0,  The  stress  difference  ~^o  botveen  S\ 
and  the  initial  stress  CT*  propagates 


u 
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1  toward 

along  the  cable/O  and  is  there  reflected  completely.  Up  to  this  moment 
the  stress  value  6*=Sy  Is  constant.  After  the  reflection  ve  have  the 
stress  <5  s  Bt  4-  -  Sa)  •*  ZG,  -G9  .  Indeed  from  Figure  9  follows,  for 

instance,  at  S  s  o  and  ct  ;  i  / 


/  / 

<p  (  t+c£)  x  &  J  ft  fr-cf)  -  O' 


If  we  suhstract 


ve  obtain 


— _  e  ?J> 

,+  Sf  *  *  c 

£ 


Gt  -S* 
£ 

t*  if 
£ 

a  T 


g-,  -c» 

_  a 


«  —  -  t 

f  -  6,  •  G*  * 

The  stress  difference  5,  -  is  reflected  once  more  at  the  end  point  *  J 

at  the  time  t  for  which  £/.  1  and  so  on  as  demonstrated  by  Figure  11. 

& 

In  Figure  12  the  motion  of  the  cable  points  is  explained  for  this  case. 

Five  mass  points  of  the  cable  are  considered  at  different  times  for  which 


¥*0,  .GO 

(  *  •»  i 


.  For  the  illustration  the  cable  is  moving 


upward  with  the  speed  j  while  the  right  end  point  is  moving  with  a  constant 
spaed  to  the  right,  The  figure  shows  how  the  elongation  starts  at  the  right 
cable  and  propagates  toward  the  left  until  the  left  cable  end  is  reached. 

Then  a  new  elongation  starts  at  the  left  and  and  propagates  toward,  the  right 
and  so. on. 

This  example  contains  the  general  proof  that  a  propagating  stress  is 

completely  reflected  at  a  fixed  cable  end  point. 

The  reflection  at  a  nwsving  cable  end  point  follows  from  equation  {5lJ* 

In  this  cs.se  tho  reflected  stress  for  a  fixed  end  point  is  superposed  by  the 

gtresa  produced  by  the  longitudinal  impact  with  the  velocity  of  the  moving  cable  j 
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rTMB  impact  velocity  is  negative  if  the  motion  tends  to  shorten  the  sable,  I 
otherwise  it  is  positive.  Accordingly  the  superposing  stress  is  negative 
or  positive. 

Example  2; 

We  consider  the  case 


Vt  =  »  V0  m  constant 

Then  ?h)*0  ,  $‘(-0-  £  >  $'(!+  t)  * 

(Pf-sAO*  I?  A  <Pht+t)*  p>  &'/-*/’  t)  - 

Figure  1$  shows  the  function  $*($)  .  Figure  1^  demonstrates  the  motion  of 

/ 

five  mass  points  of  the  cable.  The  point  l^-s  -  has  always  the  initial  stress 


Example  3*  Uniform  longitudinal  motion  of  a  cable,. 

Under  a  uniform  motion  vill  be  understood  a  motion  for  which  4>(S)  - , 


4*0-rw»iA., 
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The  formulas  for  the  velocity  and  the  stress  (58)  and  (59)  yield  in  this  case 

W-f  s  #  =  <p'(s+c/) 

The  cable  is  situated  initially  between  the  points  a  *  0  and  s  ^  /  and 
therefore,  for  each  cable  point  s  the  value  ${>?—  c/j  z  0.  Each  cable 
point  -  one  after  the  other  -passes  through  the  same  velocity  or  stress 
distribution  vith  respect  to  time.  The  velocities  of  the  oable  end  points 

“*  ,  irz  =  c  f'(Uei)- 

If  one  of  these  functions  is  prescribed  the  function  *P  is  completely 
determined  and  sc  is  the  other  of  the  two  functions.  If  the  prescribed  function 
for  instance  is  free  of  vibrations  the  resulting  function 

dsteradnei  the  motion  of  the  end  point  s  ;  0  required  for 
a  vibration-free  motion  of  the. total  cable. 


J 
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7*  Approximate  Formulas  for  the  Motion  and  Stress  of  a  Finite  Cable 
Prom  the  result  of  the  preceding  section,  ve  derive  now  some  simple 
approximate  formulas  for  the  velocity  and  the  stress  of  a  longitudinally 
moving  finite  cable.  We  write  formula  (58)  in  a  Slightly  different  form 

f  (60) 

which  can  be  done  because  (p  in  formula  (58)  is  an  arbitrary  function.  . 

If  we  write,  for  instance,  4>(s*-ct)  s  <P{c{£  +t)j  then  this  is  an  arbitrary 
function  of  £  *  /  which  ve  now  denote  by  . 

Any  function  (p  )  can  be  composed  additionally  by  an  odd 
and  an  even  function  of  so  that 

</>'(()  -  4>,lO  +  <Pt«)  (61) 

where  the  functions  &  and  ^  satisfy  the  conditions 

<P,(-  0  -  -  <P.  (t )  ,  4  (-0  -  %t{J-  (62) 

For  the  derivatives  of  such  functions  hold  the  relations 

~t  7-0  -  4> 7o  ,  <%'(-()*-  <%{<) 

<t>'(-0  ,  i%D=  <$«) 

Accordingly  jPr  can  be  written  in  the  form 

f  -  id  *t)  <- 

We  assume  now  that  the  finite  cable  is  situated  initially  between  the 

?  ? 

polnt-a  tf»— ^  &nd  $ a  j?  .and  hao  the  initial  stress  6T  a  constant. 

After  a  certain  time  will  be  small  compared  with  £  and  the  functions 

In  formula  (64)  can  be  expanded  in  Taylor  series  of  powers  of  ^ 

Restricting  the  expansion  to  terms  of  the  first  power  ve  obtain  approximately 

$>  -  fa)  f  +  <Pj-t)  a  <$U)£ 

+  ^U)  +  v-  ^  l-i)  +  ~h  $X(-P)  c  ’ 


(63) 


(64) 


U 
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Ibis  yields  because  of  the  relations  (62)  and  (63} 

?  -  t[4>x(t)  +  4'<Of  ) 

If  new  the  velocities  of  the  cable  end  points  (see  .Figure  16} 
vf*--^  and  «f  *  j  are  prescribed  for  fra  by  the  functions 

^  »J2U) 

the  two  unknown  functions  in  (65)  must  satisfy  the  condition 


(65) 


JL 

JZc  * 


{JO  =  <Pji)  -  4>'ti)fc  V'WJ£! 


V2 


fc  &#) <P‘(llfc 


— i 


vT*  0 


L 
I 

< b  . 


Figure  l6 


from  which  by  subtraction  and  addition  follows 

<$)  -  jj  (£io-J,m) 

%(0  *  £  (4/f)  +Jjt>) 

If  we  substitute  these  values  in  formula  (65)  we  obtain 


«  -  JL 
Z  2C 


( &(h  +J,d))  +ff4rt)  -//&)) 


JZ 

c 


(66) 

(67) 

(68) 


whiQh  describes  the  velocity  U  of  any  cable  point  J*  g  S  <  1  ) 

at  any  time  approximately. 

For  the  stress  S'  follows  in  the  same  way  from  the  general  formula 

%  -  4>'a +0-^-0 


the  approximation 
G-Go 


L- 

H»vr— 4W«iU..  '»■ 


=>  a(<t>j()+  iWj§) 


m 
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llhe  values  of  $  [t)  and  can  be  compute  a  by  integration  1 


respectively  differentiation  from  the  formulas (66)  ana.  (67)  so  that 

~r  ~  f  ctt 

H-  c  0 

(70) 

The  constant  of  integration  has  been  chosen  equal  zero  in  this  formula  so 
that  for  ~  0  and  £ *  O  the  stress  ?'»?*  ,  It  should  be  noted 
that  the  initial  conditions  U  » c  and  &  ~=  &0  for  /  —  O  cannot  be 
satisfied  anymore  in  general  for  all  values  tf  due  to  the  approximation. 

Formula  (70)  shows  that  at  any  time  £  the  stress  distribution 
over  the  cable  is  a  linear  function  of  S  .  The  first  term  on  the  right 
side  of  formula  (70)  represents  the  term  belonging  to  the  static  stress 
since  the  integral  represents  the  elongation  of  the  cable  with  the  Initial 

is  a  correction  containing 
the  cable. 


length  £  at  the  time  c  ,  The  second  term 
the  mean  acceleration  i( Ji  U)  +Jta>)  of 


u 


J 
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re.  Variable  Initial  Conditions  1 

In  tbs  preceding  problems  ■the  cable  v&s  initially  in  rest  ( tt0  «  0) 
having  a  constant  initial  stress  S'  ,  We  consider  now  the  case  that  .  ;j 
initially  the  cable  is  already  moving  so  that  each  cable  point  has  an 
individual  velocity  tla  which  can  be  different  at  different  cable  points 
and  that  the  initial  stress  6*e  is  variable  from  point  to  point  too. 

We  assume  that  the  cable  started  its  motion  out  of  rest  and  zero  stress 
and  denote  by  s S  the  abscissa  of  a  cable  point  in  this  condition.  The 
actual  initial  position  of  this  cable  point  where  it  has  the  velocity  U0 
and  the  stress  F0  wa  denote  by  X0  ,  Then  li0j  S'  X0  are  functions  of  tf 

*0  *  (S)  ,  Ua  *  v0  (*)  ,  60  «  ^  (S)  (71) 

which  represent  the  given  initial  conditions. 

We  denote  by  ft  the  density  of  the  cable  material  at  zero  stress. 

The  considerations  used  in  section  2  yield  now 

,2i  .2f 

‘  »i fx 


from  which  follows: 


where 


'dt 


C  ^ 


*  a. 


For  £•  0  is  now  X  *  X0(s) instead  of  x  •  &  before.  The  general  solution 


of  the  last  differential  equation  is  again 


and  therefore 


x  -  f~(s+cl)  y-  G<s-cb 
U  ®  F (s+c/ )  —  G  (s-cb 

v* 

*,  Ffs+c/j  +  &W-e/)-  /  . 


For  tm  0  we  have  because  of  the  conditions  (71 ) 

u 
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(72) 

(73) 

474) 


We  integrate  equation  (73)  with  respect  to  ,T  and  obtain  together  with  (72) 

K!>  =  j  (*,<»  *  Jt  *  x)  1 

s-m  » -  •tS’ttd)  -v^J  I 

L  » 

where  is  the  constant  of  integration.  The  position  of  the  cable  point 
«f  at  the  time  /"  is,  therefore,  ^ 

4  ■»  £  j Xo(f+c/j  V-  x0(s-ct)  +•£  J' df  J  1 

_ £ _  J*-c/ 

a  formula  which  has  been  derived  at  first  by  d'Alembert. 

For  the  velocity  U  we  obtain 

f  •  t [&****>-*<*-'*>  +*(u.«*cin.v.tt.ch)j\  1 

For  the  stress  follows j 

I  *  ?jr  3  i  (*i(S  +  c* 6  v>  ^  t/eff  +  c/j) 

+  $  ( x/ff-etj  -  ~  c/j J  -  / 


end  since 


finally 


-  *0  -  / 


fy-r+ctj  +  6'„  (s-  c/j  +  cS)  -  (S»  r/j  7 

- ? - *  - - - j 


The  formulas 


f3)  and 


determine  the  motion  and  the  stress  of 


the  cable  if  the  initial  conditions  (71)  ore  given.  The  fonaulaa  show  that 


these  conditions  are  satisfied,  indeed,  if  ve  set  o. 


X..YV-*#*  Ulfr-WIIU. .  *A. 
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9,  Reflection.  it  a  Longitudinal  Wave  at  a  Fixed  End 

Wo  assume  that  the  coble  la  in  rest  between  the  fixed  endpoint 


0  end  point  Q  having  hero 
the  stress  ^  .  Between 


(5) 


u,  =  o 


a 


K, 


points  Q  and  R  the  cable  stress  is  assunsd  to  be  equal  ^  produced  by 
a  longitudinal  impact  with  the  velocity  at  the  cable  in  rest  with 

Q  is  propagating  toward  0.  Now 
<5, 


the  initial  stress  6^  • 


®L 


u. 


/  v  -S 


where 


»  J0+ f  • 


When  Q  has  reached  point  0  which  is  a  fixed  point  a  new  impact  occurs. 

If  0  would  not  be  a  fixed  point  it  would  move  with  the  velocity  to 

the  right  in  the  moment  where  Q  coincides  with  0.  Since,  however,  0  is  a 
fixed  cable  point  it  acts  cm  the  cable  segment  <5R  with  the  relative  velocity 
UZ  towards  the  left  producing  a  stress  determined  by 


£ 


V, 


where 


& 

£ 


Ct  * 


Now 


fiT) 


£ 


JV. 

1®/ 


& 


Therefore 

<Tj  -  <St 


/*  2> 
£ 


6",  —  (j  L 


/; 


— ~ —  lift*  —  )  —  -  s.  j £i  ) 

t  -  ~mr  r  *'<**- 


L 


J 
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The  incoming  stress  difference  is  caasjtletely  reflected  at  the  fixed 
endpoint.* 


•CoKpare  F,  E.  Marble,  P.  1*7,  vhere  a  different  result  ia  obtained. (ref  12) 
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point  ~P  moves  about  V9t  while  the 

maBO  m  in  O  will  describe  a  path«A 

Under  the  assumption  of  constant  stress 

along  th©  cable  the  stress  follows  from 

*/- 

7 


f- 


J 


p 

-O- 


Figure  17 


a 


m 


u>/~ 


X  being  the  elongation  at  the  time 


/ 


The  mass  /Tf  is  moved  a.'- 


the  tension  Pm  &(T  ,  Therefore,  according  to  Newton's  lav 


m 


or 


d* 

Tp 


«  trf  x 


•$ 

x  +  -4—  x 

<  m 


r  n  %J  (v.t-x) 
< 

if*  t. 


(01) 


The  mass  m  la  assumed  to  bo  in  rest  at  ti*s  tins  0  so  that  at  tlus  time 


X  mO 


X  st  O, 


U 
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CHAPTER  III:  Longitudinal  Interaction  Between  Masses  and  Cables  1 

1.  Motion  of  a  Mass  by  a  Cable 

We  solve  at  first  approximately  the  following  problem.  A  mass 
attached  to  the  end  point  0  of  a  cable  with  the  length  ,  the  cross 
section  area  Cj  ,  the  elasticity  modulus  a  f  the  mass  density  p  at 
aero  initial,  stress  is  pulled  by  moving  the  other  cable  end  point  P  with 

the  constant  velocity  V0  .  The  motion  of  the  mss  and  the  stress  in  the 
cable  have  to  be  determined.  The  approximation  in  the  solution  will  result 
frees  the  simplifying  assumption  that  the  stress  in  the  cable  is  constant 
along  the  cable  length  (but  variable  with  the  time). 

Wa  assume  that  the  cable  ia  situated  along  the  x-axis  between  X  ~  O 
and  i  »  J  (see  Figure  17}  the  mass  fX)  beLig  attached  to  the  cable  at  the 
end  point  X  =  0  .  During  the  time  £ 
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The  solution  of  the  differential  equation  (8l)  under  these  initial 
conditions  is 

*•  ».(£-&  Jin  coY) 
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cfi2~  9 


m 


This  constant  can  be  written  also 


»  C 

&  *  ~T»  • - 

S  rr> 


(82) 

(03) 

w 


the 


where  C  *  and  ^  the  constant  C  being 

longitudinal  wave  velocity  and  the  total  mss  of  the  cable.  Sub¬ 

stituting  the  value  of  X  from  (82)  in  formula  (80)  we  obtain 


£ 

a 


J>  n  co 


A 


(65) 


r”c*6tr 

This  result  shows  that  the  stress  vibrates  as  sin  cvt 


,  that  its 

amplitude  is  proportional  to  p*  and  '-0  the  root  of  the  maos  ratio  cr>/ 

The  stress  maximum  is  reached  at  the  tine 

c  Sej 

and  is  determined  by  — — — 

£*2**  -  &  -  -  /n£N 

This  result  is  represented  graphically  in  Figure  18.  The  velocity  following 
from  (82)  is  plotted  in  Figure  19. 

The  exact  solution  of  the  same  problem  can  be  derived  from  the  general 
theory  of  Section  II  6,  The  motion  of  the  mass  nt  ie  described  by  an 
unknown  velocity  function 

K  -  J,(h 

while  the  motion  of  the  er.d  point  J  s  /  is  given  by 

a  »  VQ  ~  c 'enj^&nt 

Applying  the  general  theory  ve  have  according  to  (57) 


Vfl  8  C 


L. 


(87) 
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where 


mass  is  determined  by  Hevtoa's  law 

rrt  vt  a  ^ 
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9" 


/  - ~ 

<p  'c/j  -  <p'(-c£) 

according  to  formula  (59 }.  Thus 

m  vt  =»  ~  <fi  (~c£)  - 

/ 

The  unknown  function  c  is  connected  with 

h,(t) 

and  $)  =  ~  by  the  formulas  (56) .  Setting 


we  have 

and 


h,(f)=  -q  i) 

J  -  r  *  dh,  . 

'  *7T  c  Vp 

Thun  equation  (88)  can  he  written  in  the  farm 

2!^  =  stAfthi-rt-tj). 

cf  f  me  *  ( 

We  consider  now  the  time  interval  for  which 
O  <  $  ~ct  <c  ^  • 

Pot  this  interval  the  equations  (56)  ohev  that 

4>fa ')  *  o ,  <p  ?-  f)  *»  4  - 

Thun  (89)  yields 

dh*  =  _  t£.  4  /4, 


or 


4  =  (f'e'M-  f 


(86) 


(890 


where  la  a  constant  of  integration.  Because  of  $  *  cf  this  equation 


i»  Identical  with 


_  ±£  A 

^  «  (7  e.  . 


L_ 
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For 


/- 


O  we  obtain 


J  »  0 


o 


=  C ■ 


The  motion  of  /T7  -is  assumed  to  start  from  rest.  Therefore  C*  —  O 
and  h,  (f)  a  O 

^  a  O  Jor  0  ^  f  2 . 

This  shews  that  the  mass  fit  does  not  move  until  0/  *  ^  in  accordance  with 

the  fact' that  the  disturbance  due  to  the  motion  of  the  cable  end  point  S  ~  2 

L  2 

needs  the  time  C s  jr  in  order  to  reach  the  mass  tit. 

Ve  consider  next  the  time  interval  for  which 

2  <  c£  <  2$ 

If  ve  replace  £  by  2  A  f  the  variable  ^  is  restricted  again  to 

o  <  t  <  2  • 


Equation  (89)  take b  the  form 

"  &  ( *'(U  fJ  '  ■ 
From  the  third  and  fourth  equations  (56)  follows 

<f>(4+  t)  -  <t /-()  =  *  A  'O  -  i,  (U  tj 

•  2%  -  4. /u t) 


(90! 


and  aquation  (90)  yields 

lk!i '±P  .  aJ-  (ivj  -  *,«+ s>) 

4/S  *  *  \  mu  pi  l  C  y 


which  is  a  linear  differential  equation  for  the  unknown  function  fa,  of 
the  variable  ^  f  .  Its  general  solution  is 


(91) 


C  -  '  '  '  C  ^  *  "v  C92) 

where  is  the  constant  of  integration.  For  f»0  or  c2»2  the 

mass  ttf  begins  to  mova  from  rest,  Therefore,  gjf  =*  O  for  j m  m  O 

Equation  (92)  for  ^  er  O  yields 


L_ 


& 
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2  +  C  e  ‘mc'  ss  o 
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and  the  solution  (92)  becomes  fiE 

2  =  A,(Ut)  .J  f)  (93) 

c 

vfcere  ^  *  t j 

0  <  f  <C  t 

Next  ve  consider  the  time  interval  for  vhich 

it  <  ct  st 

and  replace  £  by  i  t  "*■  f"  vhere  nov  again  O  <  f  <  t  • 

Equation  (89I  takes  the  form 

dAEEP  *  iA  f t)  -  <?'(-#- t)J ■ 

mc“ 

From  the  fifth  and  sixth  equation  (56)  foil ova 

<Pf(M+t)-<p'(-zl-t)  -  ztjjt+t)  ht(i£+f) . 

We  found  A,  Cf)  *  O  for  0  «d  /  <  Therefore 

-  if- (*?-*-  ■  <*> 

Thia  linear  differential  equation  for  6/  ao  function  of  jt '*  J*-  has  the 
earns  fora  as  equation  (91)  and  has  the  general  solution 

I'  -  =  Jf  ~C  (95) 

The  constant  of  integration  C  follovs  nov  from  the  consideration  that  the 
velocity  V,  '  for  £ » O  must  be  the  same  as  the  velocity  ^  follcwing 
from  equation  (93)  for  J*  *  Thus  ^  £ 

1  £  +C  e~fa£>  J/  =  ig(/~  *  me'  J 

as  before.  The  velocity  of  the  mass  *T?  in  the  time  interval 

ct  =»  it*  ?t 

o  <■  f  <£  t 


mrr— u*i  ***-*** Jk. .  **. 
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I 
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(96) 


Froceding  further  in  the  same  way  ve  obtain  stepwise  the  exact 
solution  of  our  problem.  After  «  =  ■£  U)  has  been  determined  the 
motion  of  any  cable  point  and  the  stress  in  any  point  at  any  time  follows 
from  the  consideration  of  section  II  6. 

The  same  procedure  can  be  applied  if  the  motion  of  the  cable  end 
point  is  given  by  an  arbitrarily  prescribed  function 

V2  m 

instead  of  being  constant  equal  l/e  • 


i " 

i 


\ 
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f~2.  Prescribed  Acceleration  of  a  Mass  by  Means  of  a  Cable  ! 

The  problem  to  be  solved  in  this  section  is  the  opposite  one  to  that  of 
the  preceding  section,  A  mass  rrf  attached  to  a  cable  has  to  be  accelerated 
in  a  prescribed  manner  by  pulling  it  vith  a  cable.  The  motion  of  the  cable 
end  point  which  produced  the  prescribed  motion  of  the  other  cable  end  point 
where  the  mass  is  attached  has  to  be  determined. 

We  assume  again  that  the  cable  is  situated  initially  between  the  points 
S*  O  and  s  =  ■£  ,  that  the  initial  stress  is  zero  and  that  the  mass  rr? 

is  attached  to  the  end  point  Sts  O  (see  Figure  20).  We  denote  the 
prescribed  velocity  of  the  mass  in  S'*  0  by  it  m  tl(£)  and  the  unknown 
velocity  of  the  end  point  SaU  by  w  *  v/£)  ,  Accordlngitocthe  basics 

formulas  (58)  and  (59)  the  velocity  U(S,£)  of  any  cable  point  S  at 
any  time  £  and  the  at  re  bo  5"  in  this  point  are  connected  with  the 
function  (p  by 

u  -  (p'fs+ct)  P'tS-cSjj 


£  - 
£ 


Nov  for  S'  a  O  the  velocity 


(97) 

(98) 


X  a 


ufO 


is  prescribed  and  the  equation  of  motion  of  the  mass  St?  is 


m  X  e 


S  aff 


For  s  •  O  the  equations  (97)  and  (98),  therefore,  take  the  form 

f(ci)  v-  p'f-ci)  «  jf  j 
(p*(c£)  -  <p*(-c£)  »  U  . 

Setting 

ve  obtain  by  adding  and  subtracting  these  equations 

i($ 


L_ 


p(~t) = 2  fc  “  i%  tc ) ' 


(99) 

(100) 
j 
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^Thus  the  function  $  is  determined  for  all  positive  and  negative  values 
of  its  argunsnt  by  the  given  function  U  It)  and  its  derivative  ^  . 

However,  if  the  motion  of  the  cable  end  point  is  supposed  to  begin  at  the 
time  fnO  the  values  of  ll(U  have  to  be  prescribed  equal  zero 

during  the  time  /  for  which  O  c/ <;  ^  because  the  stress  wave  needs 

iff  / 

the  time  -  to  travel  from  S  *  <  to  £  =  0  .  After  the  time 

the  values  of  U  U)  can  be  prescribed  arbitrarily.  The  unknown  function 

v(t)  is  then  determined  by  the  relation 

|  a  <p'(i+$)  +  f)  (101) 

following  from  formula  (97)  for  ?  •  1  and  rf* 

Ve  consider  at  first  the  example  where  a  mass  has  to  be  moved  with  a 

constant  acceleration.  In  this  case 

U  —  O  for  0  -d  £  =  ci  <  $ 

fc«  f  *  f  /  >  / 

Q  being  the  prescribed  constant  acceleration  of  the  mass.  Accordingly 

U  e  O 

U  ~  a  f  *  cf  >  / 

•  / 

In  Figure  20a  the  values  of  ~k  ~  and  ^  which  determine 

<  c 

(see  formulas  (99)  and  (lOO))  are  plotted  as  dotted  lines  versus  S  . 

For  positive  values  of  these  values  are  added  and  for  negative  values 

of  £  subtracted  giving  the  solid  curve  .  According  to  formula  (lOl) 

V 

the  £  values  are  obtained  and  plotted  in  Figure  20b. 
v' 

We  see  that  ~  starts  with  a  finite  value  and  increases  linearly  with 


up  to  the  time 


l  3C 

£  »  —  .  Here  it  jumps  back  to  the  prescribed 


value  and  coincides  further  on  with  this  value.  The  result  can  be 

C 


explained  in  the  following  way.  The  sudden  motion  of  the  cable  end  point 
S*  /  with  the  finite  velocity  -4-  — —  .  c  produces  a  longitudinal  impact 

L  Ef 
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["stress  which  propagates/ the  mass  m  and  is  completely  reflected  at  it.  1 

The  reflection  runs  hack  toward  the  end  point  S*P  and  would  he  reflected 

there  once  more  if  there  vould  ncrt  he  a  negative  impact  represented  hy 

the  Jump  in  the  /—  curve  which  cancels  the  reflection.  The  impact  stress 

which  is  completely  reflected  at  the  mass  f77  and,  therefore,  doubled  in 

magnitude,  begins  to  move  the  masB.  As  soon  as  it  moves  it  tends  to  decrease 

the  stress  in  the  cable,  and  therewith,  the  force  acting  on  the  mass. 


Such  decrease  in  stress,  however,  is  prohibited  by  a  properly  increasing 

z  %  J 

velocity  /  .  After  the  discontinuous  change  of  V  at  the  time  c* 


the  stress  which  is  equal  twice  the  impact  stress  remains  constant  because 
both  cable  and  points  are  moving  now  with  the  same  acceleration. 

The  gsner&l  case  of  the  problem  can  be  solved  in  the  same  way  (Bee 

0 

Figure  2l).  We  assume  that  a  desired  acceleration  U  of  the  mass 

a  £  /  m  ' 

beginning  at  the  tine  b«  ii  prescribed.  We  plot  the  curve  jjr  u 

versus  ct  ,  integrate  it  graphically  starting  from  f  «  J  and  plot 

,  The  sum  of  both  curves  give*  <fi  for  F  >  O  .  The 

difference  of  both  curves  gives  for  JT  <  O  (see  Figure  21a).  Again 

formula  (lOl)  yields  the  values  f  (see  Figure  21b)  which  have  the 

curve  ~r  as  an  asymptote. 

It  must  be  noted  that  the  general  problem  can  be  solved  in  any  case 
graphically  vithout  difficulty  starting  from  the  graphically  given  curve 
-4  rr— -  ti  .  Tbs  practical  realisation  of  the  solution  requires  a 

f  ,  0 

careful  control  of  the  speed  ''  of  the  cable  end  point  S m  <  and  will  be 
easier  toobtain,  for  instance,  In  the  case  where  the  acceleration  of  the 
maos  approaches  a  conotaat  value  (as  shown  in  Figure  21 )  than  in  the  case 
where  the  constant  value  is  required  from  the  beginning  of  the  motion. 
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*3.  Influence  of  a  Maas  Between  Two  Cables  on  the  Stress  Propagation  1 

We  consider  nov  tvo  in  general  different  cables  in  straight  position 
which  are  connected  by  an  inelastic  mass  rtf  .  The  tvo  cables  are  distinguished 
by  the  indices  1  and  2  so  that,  for  instance,  is  the  elasticity 

modulus  of  the  cable  1.  We  as  si  cos  that  the  two  cables  are  situated  along 
the  X  axis  and  that  especially  X  is  the  coordinate  of  the  mass  point  fW 
(see  Figure  22).  We  assume  further 


£%.  J°i , 

<7» 


S' ft 


Figure  22 


that  the  system  is  initially  in  rest  and  has  extension  To  ,  We  let 
move  now  longitudinally  the  end  point  P  of  the  cable  1  with  a  constant 
velocity  Vt>  producing  in  this  way  an  impact  tension  which  propagates 
along  the  cable  1.  The  problem  is  to  determine  in  which  manner  this  tension 
propagates  over  the  mass  /97  and  along  the  cable  2  and  how  the  tension  in 
cable  1  changes  during  this  process.  For  simplicity  we  assume  that  all 
otrees  ratios  it  are  negligibly  small  compared  with  '1.  Then,  especially, 


the  longitudinal  wave  velocities  in  the  two  cables  are 


;-if  ■ 


WS  ■ 


lice) 


The  initial  stresses  in  the  cables  1  and  2  are 

r,  ^  Ty 

G„  =  J'  ,  h 


f,  ^ 
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rib*  stress  &  1  }  induced  at  the  cable  end  point  F*  due  to  the  impact  I 


vith  the  velocity  ^  is  given  by 

5/  ~~  = 

e, 


®i  *  ^  K^/  ' 

The  corresponding  induced  tension  7J  -  fyG,  .  We  aBsums  that  the  stress 
vare  arrives  at  the  mass  at  the  tine  /-*  .  The  stress  difference  O'  - 
is  reflected  completely  at  the  mass  which  is  at  this  moment  in  rest. 
Immediately  after  the  reflection  the  stress  on  the  right  side  of  m  i3. 


ClOh} 

(105) 


therefore 


er  4.  z  ftj, 


and  if  m  moves  with  the  velocity  x  at  the  time  £ 

^  =*  6*0/  +  *  K>  f&H* 7  -  *  j £<  (*/ 

according  to  formula  (51).  The  stress  on  the  left  side  of  m  produced 
* 

by  the  velocity  X  is  according  to  the  sams  formula 

5  c  ^  x  /57a  ■ 

The  corresponding  tensions  are 

Tr  =  %  +  f,  / 7,. ft  ( IK,  -  *)  j 

rj  *  fx  s»x  *■  %  feT\  ■  *  ■ 

The  equation  of  motion  of  the  mass  rr)  is 

m  ;*  *  rr  -  Tf 

or  because  of  (109),  (llO)  and  (103) 

**  *  -  ***tt  /ss  -(?» )  * 

We  denote 


(106) 

(107) 


(108) 

(109) 

(UO) 


(U1) 


(112) 
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*  Then  the  velocity  V  ■  X  of  tha  mss  rr?  satisfies  the  equation 

/  »  /4  —  3  v  .  (n3) 

Integration  of  this  equation  under  the  initial  condition  ^  *  0  for  /*<?  yielda 


i  - 


(114) 


vhich  determines  the  velecity  V  of  the  maaa  tr7  ,  From  (lO?)  and  (108) 
follow  vith  this  expression  for  V  the  values  for  the  stresses  on  the 
right  and  the  left  side  of  the  mass 

(115) 

(116) 

The  corresponding  tensions  are 

<v ,  % 

and  j  6oX  satisfy  the  condition  (103) 

j,  *o*  =  <?*  «;*.  «  7i  • 

These  formulas  da  scribe  the  stress  development  in  the  two  cables 
adjacent  to  th?  mass  rfp  »a  long  aa  no  stress  reflection  from  point  7s 


rr  =  e„  +■(*»*-*) 

5  *  r« +  v 


reaches  the  asass  rn. 

The  formulas  (115)  And  (ll6)  can  'be  written  also  in  the  dinensl unless 


fora 


because  of  (102). 


(U7) 

(lie) 


U 
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U,  Special  Cases  and  Applications 

i4  Two  cables  attached  to  each  other  by  a  negligible  mass . 

If  rrj  decreases  toward,  tero  the  constants  A  and  3 

become  infinite  and  (llh)  yields 

_/  _  xcj,  . 

v°  tiT?,  fxfiTr*, 

Introducing  V  from  this  equation  into  the  relations  (115)  and  (ll6) 


for  <o/.  and  ^  ve  obtain 


5- 


and 


Thus 


61-  +  Xv. 


Vi 


fa  feT?, 

?/  f$K  +  ft  /^a  <** 

q,  fc7,  fzTfis. 

f.fiZ  hfKF* 


T ' 

'  r 


Tt  ■ 


'Jo 


t  fob  -  %  r$  r* 


Wo  haw  now 

7*  -  T  =  S.  _ 

°  ’  <J,  ftp.  +  fi  fell 

The  iagact  tension  7J  produced  by  the  velocity  ^  in  the  cable  1 
ia  because  of  (105 )  given  by 

v  -  r.  -  k  f,  fir?.  ■ 

If  we  divide  (119)  by  (120)  ve  get 


(119) 


(120) 


(121) 


The  physical  neanaing  of  this  foraila  be cooes  obvious  if  ve  Introduce 
the  longitudinal  wave  velocities  C,  and  instead  of  the  elasticity 

EOdnli. 


L 


PAO665 


|UVT 1  >i*l  tllO  P»^A. 


lll«>  iMtl 


ITTfitlFH?  2^ 


REPORT  RAFACT-£XQ^l69 
PAGE  66 


4MD>MAMC-a4St 


NAVAL  AIRCRAFT  FACTORY 
NAVAL  AIR  MATERIAL  CENTER 

PHILAOaU^HIA.  FA. 


1 


Then 
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7-77 


/*-  JULti 


f*'  =  >  /**  *  ft  /*  ft 

are  the  msses  of  the  two  cables  through  which  any  tension  wave  propagates 
•per  second  so  that  formula  (l2l)  can  be  vritten  also  In  the  form 


7Z-T.  . 

4, 

77-  r. 

!*■% 

Figure  23  represent!  da  result  graphically. 

The  formula  shews  especially  that  there  is  no  change  of  the  tension 
if  a  tension  wave  propagates  over  the  connection  of  the  two  cables  if 
and  only  if 


M*,  a  /**. 

For  two  cables  of  the  same  material  (  E, 
formula  (l2l)  takes  the  form 


Tr  ~T0 
Tt-T0 


JL 

1+3.1 


f* 


which  Bhowa  uu»t  one  increases  if  it  propagates  from  one  cable 

to  a  second,  cable  of  larger  cross  section  area, 
b.  Maas  between  two  equal  cables 

We  apply  the  general  theory  of  section  III  3  to  the  case  whore 

Z6,  »  a  ^  ft  n  9  <j-  . 

A  -  3  * 


£,  3  £jl  »  e  , 


Then 


and 


1$,  f£  jo 
m 

-a/ 


a  /  —  (• 


according  to  the  formulas  (112)  and  (ilk),  Since  now  57/  »  67*  -  Ct 


the  relations  (115)  and  (ll6)  for  <3L  and 


$ 


yield 


u 

«KO*“FHI4A.,  Nk. 


(122) 


(123) 


(124) 


J 
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(125) 


C  -  6*;  '  (126) 

Figure  2k  represents  this  result  graphically. 

The  incoming  stress  is  alvays  completely  reflected  at  the  mass  177  . 

This  case  is  not  quite  realistic  because  no  mass  is  actually  inelastic. 

In  spite  of  this  fact,  it  shaV 1  be  used  here  for  the  determination  of  the 
influence  of  a  sheave  on  the  stress  propagation.  We  replace  the  mass 
of  tbs  sheave  for  this  purpose  by  the  equivalent  mass  on  its  rim  and 
consider  this  ts&sa  attached  to  the  cable.  For  a  Mark  5  arresting  gear 
sheave,  for  instance,  this  equivalent  mass  is 

771  sa  l  Jh>  <  47C  V  //  - 

For  &  l”  diameter  cable  is  according  to  table  1  of  section  I  5 

E  *  /S.2  •  //  &/f/z  ,  * 

ri  N 

(l  «  O.OOZJ-V  J* 


The  constant  . 

3  ~  «  mo 

try 

in  this  case.  Figure  24  shove  the  remarkable  fact  that  the  sheave  turns 
so  fast  that  after  0*001  seconds  onlv  ana -third  of  the  accumulated  stress 
la  left  and  that  after  0.005  seconds  the  stressed  on  both  sides  of  the 
sheave  are  practically  balanced. 


L. 
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c.  Cetermlnation  of  Links  for  Strain  Gage  feasuremants 

If  a  link  is  used  for  a  strain  gage  measurement  of  the  tension 
in  a  cable  the  result  of  section  III  4a  should  be  considered.  The  link 
should  not  obstruct  the  tension  propagation.  Therefore,  the  diameter  of 
the  link  should  be  chosen,  so  that 


/“/ 

If  j  (»4  are  the  cable  data  and  ^Z  *  Pi. .  data  of 

the  link  vhich  nov  is  considered  as  the  second  elastic  cable  or  bar  then 


ft  =  %  /it/ i 


(127) 


is  the  condition  vhich  has  to  be  satisfied.  For  example,  ve  choose  a 
cable  vhere  j 

et  «  J3.2)  ‘  /0  &>/jr  ,  P  a  /t.*z  &)>  stc  /  . 

If  the  link  is  a  steel  bar  vhere 

=  uo.i'  *o*  Px  =  nr,  '5  .  ss£z/j& 9 

equation  (127)  yields 

ft  *  <?.7J3  ft 


as  cross  eccticm  area  of  the  link  being  the  metallic  cross  section 
area  of  the  cable. 

d.  Stress  Propagation  through  Three  Cables 

We  apply  the  result  of  III  4a  to  the  solution  of  the  folloving 
problem:  TVo  cables  £7  and  vith  infinite  length  are  connected  by  a 
third  cable  or  bar  C*  vith  the  length  i  between  Ot  and  (see 

Figure  25).  The  system  is  initially  in  rest  and  has  the  tension  . 
Along  Ct  a  tension  /,  propagates  toward  C  .  The  tension  vithln 
the  cable  C*  has  to  be  determined  as  function  of  the  time  ^ 
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Tz 


r, 


(To) 


r6 


We  denote,  as  before 

■  f,  <*. c-  > 

where 


»  m  I  [&• 

'  H*,  " 


Figure  25 

A"  ft  ^ 

c*-/&  ' 


^  a  f  ?>C 


If  the  tenaion  77  passes  over  the  connection  P  between  Cf,  and.  C 
it  changes  to  the  value  77  determined  by  formula  (122)  which, 
applied  to  the  present  case,  yields 

TT-*  _  *  . 


T-T 

'1  '  O 


The  tenaion  7^  propagates  along  Ct  111(1  0  .  If  it  reaches 

the  connection  Q  between  d  and  C!±  ^  changes  to  the  tension  7^ 
which  again  i ode te rained  by  formula  (122)  yielding  here 

s zJj  -  - 

\-Tp 

The  tension  7^  propagates  along  C 


't?Y. .  it 


<7t  .  If  it  reaches  point  T3 


it  changes  to  7^ 


The  initial  tension  is  now  TJ*  ,  the  Incoming  tension 


77  *  Therefore,  formula  (122)  applies  in  the  fora 

77-71  * 

7l-  TX 

77  propagates  along  C,  and 


*+1m, 


C  end  »c  on.  Thus 


u 


MfMM  .  P*. 
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Stress  propagation]  through 
THREE  CABLES  . 
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ft, 


%-Ts 


and.  so  on.  If  % .  7J  and  the  ratios  /£  and  are  given,  these 

If1'  '/fa 

formulas  determine  successively  *7*  7?  ■ . . .  ,  The  time  for  a  tension 

/  tJ/ 

v&ve  needed  to  propagate  from  ^  to  6?  is  equal  &  .  Thus  the  tension 

at  any  point  of  (4  at  any  tine  can  be  computed. 

Figure  26  shovs  the  result  of  the  computation  for  O  and  the  values 

%  ■  F* : 4 

for  the  center  of  the  cable  C  •  IT  C  is  &  short  elastic  link  this 
figure  proves  that  the  increase  in  tension  is  damped  out  in  &  very  short 

l 

time  since  ~  is  a  very  small  quantity. 

If,  far  instance,  the  cables  C,  and  ^  are  1"  diameter  cables, 

as  used  before,  so  that  ^ 

F  «.  £.  rn  <8.  J  .  tO*  ik/fl  J  ft  =  (®4  *  ft \ 

“  “A/ 


^  «■  &  a  7*  //  * 

and  the  link  is  a  steel  bar  vith  ,  ..  * 

£  «  7.  V*  &,/?*.  f  '  /J-  'f  ■  **  /f/  ' 

f  -  0.00 5*S  ft1 


which  has  the  sane  diameter  as  the  cables  we  get 

ft  «  M  -  3r  Jle  -  J.7J 

v4,  r* 

4*o.  00c  / 


jec . 


The  maximum  tension  is  in  this  case  given  by 

7^**  f  V  9  *'*+&• 

Thiotensloa  la  damped  out  to  the  value  7  ifi  about  O.OQG5  seconds.  However, 
it  must  be  taken  into  consideration  that  this  maximum  tension  actually  occurs 


and  not  only  in  the  link  hut  also  In  the  cables  attached  to  it. 
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CHAPTER  m  WO -DIMENSIONAL  MOTION  OF  A  &BLE 
1.  Mathematical  Description  of  the  Two-Dimanaional  Motion  , 

We  assume  that  a  cable  is  situated  initially  at  the  time  0  along 
the  x-axis  of  a  rectangular  X,  y  coordinate  system  (see  Figure  27),  and  that 
it  has  at  this  time  a  constant  initial  stress  6“e  . 

The  cable  moves  with  increasing 
time  t  out  of  this  position 
within  the  X,y  —  plane, 

A  cable  point  with  the  initial 
x -coordinate  S  and  the 
initial  y  coordinate  y  «  Q 
has  at  the  time  a  position 

Xj  y  within  this  plane. 


x  *  >  y  - 


FIGURE  27 


(12Q) 


If  we  keep  S  constant,  these  two  functions  of  c  are  the  equations  of 
the  curve  which  the  fixed  cable  point  S  describes  during  the  notion  of  the 
cable.  If  we  keep  t  constant  they  are  the  equations  of  the  curve  along 
which  the  cable  is  situated  at  the  fixed  time  t  .  The  variable  parameter 
S  corresponds  to  the  cable  points  in  this  position.  The  two  functions 
(128)  are  not  completely  arbitrary  functions.  They  have  to  satisfy  the 
conditions 


j(f,  o)  a  «r  ,  g  r*.  o)  =  o. 


(129) 


L 
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1  During  the  motion  of  the  cable,  it  ia  generally  distorted  so  that  the 
distance  AS  between  to  neighbor  points  S  and  S  AS  in  initial 
position  changes  to  a  distance  A  £  at  the  time  /  resulting  in  a  tension  7* 
in  the  cable  at  this  point  which  vill  be  generally  different  from  the 
initial  tension  ^  .  The  tension  T  is  in  this  vay  a  function  of  £ 

and  /  too  and  so  is  the  angle  <9  between  the  cable  element  «d/5* 
and  the  x-axis,  This  angle  is  defined  as  the  angle  about  which  the  positive 
x-direction  has  to  be  turned  counterclockwise  in  order  to  coincide  with  the 
direction  of  the  cable  element  which  corresponds  to  increasing  £  values. 

Again  we  assume  that  the  cross  section  area  ^  of  the  cable  does  not 
change  with  the  motion.  The  stress  €T  in  the  cable  point  corresponding 
to  £  at  tha  time  /  is  then  defined  by 

^  *  J-  (130) 

and  is  a  function  of  £  and  ^  too.  Tha  daneity  however  changes  now 

with  6"  ,  We  denote  by  /0  the  density  of  tha  cable  under  its  initial 
stress  6*  3  constant  and  by  A  the  density  at  sero  stress. 

O  0 
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The  equations  which,  describe  the  motion 

of  a  cable  are  completely  arbitrary  functions  except  that  they  have  to  satisfy 
the  condition  (129)  if  we  admit  arbitrary  forces  acting  from  outside  on  the 
cable  elements.  If  we  suppose,  however,  that  a  cable  element  moves  under 
the  influence  of  the  tension  vithin  the  cable  only  the  functions  X  -  0 

and  y  s  $  ^ ^  ^ave  satisfy  certain  conditions  to  be  derived  in 
the  following. 

For  this  purpose,  ve  consider  the  element  aS  of  the  cable  at  the 
fixed  time  l  corresponding  to  the  element  AS  at  the  time  *  D 
situated  between  the  points  S  and  S  +  4J  (see  Figure  Z])  on  the  X-axis. 
The  components  of  the  tension  r  in  tho  cable  point  corresponding  to  S 
at  the  time  t 


are 


7”* Cexs  £) 


in  the  X  -  and  the  y  ♦  direction.  In  the  cable  point  corresponding  to 
S  +■  4S  at  the  same  time  /  these  components  are 

7~ceo  O  +  (  7c(X3  @)  d-S  t  <9  . 

The  components  of  the  force  which  moves  the  element  A  aT  are  the x~e fore 
(  Tcto  &)  AS  J  (  7*4tr?6/  AS 

The  maos  of  the  element  A  £  is  equal  to  the  mass  of  the  element  a S  which  is 

P  y  AS 


According  to  Newton's  law,  therefore 


of 


23r. 


P  q.  as  ■  ZXt  -  X-(7j„,sJj s, 


U 
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'  ? 


3  M2 


(131) 


These  are  two  conditions  for  the  four  unknown  functions  X,  y  6^  Q 
of  the  variables  S  and  /  .  We  obtain  another  two  conditions  from  the 

application  of  Hooke’s  law. 

The  ^tlasi^tion  of  the  element  aS  with  respect  to  the  initial  element 

AS  having  the  stress  <50  is  equal  aS  -  AS  .  Thus,,  Hooke's  law 
(formula  (6))  yields 

.  fi  . 


■X.  =  n»,  (*g  - , 

t  *  AJ-*c  '  ' 


- 


/V- 

£ 


On  the  other  hand  ve  have 

o&  6) 

<?S  cts 


2/  »  ^  * 
Ok  .Vk- 


Therefore 


/  *  *■ 


Ciu  Q  St  st 

J  9j 


,*  ¥ 


V//7  O 


Thus  wo  have  the  result! 


The  equations  (ljjQ  and  (l32)  are  the  conditions  which  the  functions 


*(sth  ,  y ( s',  tr 


G(S,  t)  and  Q(st) 


(132) 


(133) 


(13*0 


describing  the  motion,  the  stress  and  the  slope  of  the  cable  have  to  oatisfy 
if  the  motion  occurs  under  the  influence  of  the  cable  tension  only.  > 

Eliminating  <*  and  y  frca  these  four  equations  va  obtain 
far  6"  and  O  alone  the  relations 

h4isie,06)*i \‘(?c”6,)l  ?/'( 77&  *'•’$•£-(?  H*’e‘)  (135) 


Coap&ra  references  6,  7,  6  and  11 
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If  ve  use  instead  the  coordinates  of  X  and  y  for  the 
description  of  the  cable  motion  the  velocity  components  of  the  cable  point 


Q.y 


V  a 


'V 

S? 


(135) 


the  equation*  (131 )  and  (13^)  take  tfea  form  * 


%  -  £  (ft  ™  *)  - 


Qv  Q  / S*  .  *  a] 

B  ■  « i  t  ^  ^  > 


(13TS 


<3x  W(  /*  |#  / 


2^  *  -2  j/n& 

9*  9/  (  > 


(138) 


It  should  be  noted  that  all  these  differential  aquations  are  non¬ 
linear  equations.  Then* fort  exact  aolutioaa  cannot  geaercilly  bo  superposed 
linearly  in  order  to  obtain  ether  exact  solutions. 


For  sta&ll  values  of 

07 


is, 

& 


said  ~y  compared  vitiii the  expression 


'*§  /'+% 


in  the  preceding  formulas  can  be  replaced  by 


<r 


c-c, 

<£ 


- -m  / 

B. 

The  formulae  resulting  in  thie  Vay  have  been  used  by  other  authors ,  ** 


(139) 


there  i«,  however,  no  eeeontlal  simplification  in  using  this  approximation. 
* 

♦  Caepex*  *t%r*renee  12  **  Beferenca  23 

L. 


***  Tor  other  appr cae iaat i  one , 

compare  references  21  and  ££  ;- 
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If  s  cable  element  moves  parallel  to  Itself  so  that  &  is  constant 
during  its  motion  both  equations  (135)  yield  for  the  stress  the  saas 


condition 


vhare 


=  C 


t  r£h 


(ito) 


<jl"  ('+ 1  Jt 


(Hi) 


Equation  (l4o)  is  the  classical  vave  equation  for  the  function  6*  (s,  / J 
vhich  has  been  discussed  in  Sections  IT  2  and  3  where  instead  of  <5*  the 
variable  X  occurred*  The  results  of  those  sections  applied  to  6“ 
show  that  in  the  present  case  the  stress  value  €T  propagates  vith  respect 
to  <T  vith  the  velocity  C  given  by  formula  (lUl)  C  is  crTIph 
the  longitudinal  vava  velocity.  For  a  o  this  velocity  to  the  sane 

aa  in  the  classical  theory  of  the  vibrating  string. 

If  vo  consider  further  a  cable  eleasnt  vhich  has  during  its  action  a 
constant  stress  <3"  than  the  equations  (135)  can  be  combined  by  multiplying 
the  first  one  by  Ctt  ,  tha  aecond  one  by  ✓/>?  Qa  and  sub¬ 

tracting  both  equations.  This  yields 

£  1 

^  /*.  1  <?  *  .  .  /  -  1  ( 


'*>'»-*)  -  c  <vu ■  .  (lte) 

Here  63d  is  an  arbitrary  constant  and 

f  •  TTf-'l  ,  (H3) 

Again  equation  (ll2)  ia  the  classical  vave  equation,  nov  for  the  quantity 

Ceo( Q-  aa  function  of  y  and  /  and  C  ia  the  velocity  vith 

vhich  Q  propagates  vith  respect  to  J*  ,  We  call  c  tha  transverse 

v&ve  velocity.  It  coincide*  with  the  transverse  v»v«  velocity  of 

the  classical  theory  of  tha  vibrating  string  if  g  and  are  negligibly 

v  .  ,  ,  _  wall. 

*  v‘‘  -C-  .  ,  i  *  %  .  til 

PAQC  J5 


(H»3) 
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If  both  values  are  small  but  not  negligibly  small  compared  vith 


us&y  formula  (l43)  yiells  approximately 


a  * 


f 


/  +• 


S'-  So 


n 

(ha) 


obtained 


Prom  the  formulas  (l4l)  and  (lH-3)  the  following  general  relatior  is 


(145) 


XT'  L  °  0 

fa1 


(14?) 


We  consider  additionally  the  case  of  a  cable  motion  for  which  the  stress 
6*  and  the  angle  &  are  constants.  The  stress  has  to  be  then  equal  to 
the  initial  stress  and  the  angle  Q*  0  in  accordance  with  the  initial 

conditions.  From  the  basic  equations  (131)  follows  in  this  case  that 

=  «  Ci«> 

and  from  the  basic  equations  (134)  that 

fa  „  /  2l  «  o 

QS  >  QS 

The  conditions  (l46)  yield 

X  r  Jt(0  +  t ,  y  *  J9(0  A  %  (j>)t 

where  the  functions  of  *f  are  arbitrary  functions.  If  we  substitute 
these  values  in  (lU-7 )  vs  obtain 

So  t  o  +■  S>  f  o  t  »  / 

ji  to  +  i! to  t  x  o 


for  all  values  of  g1 


and  tt 


So  to 


Thus 

rt 

S>  to 


Therefore 


3.  ">  •  0 

So  to 


9. 


to 


o 

0 


S  +  Q  b 


3c  to 


J,  to  a  a , 

t 

3, to*  4 


U 
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where  Q0  Q,  &  A,  A  are  constants  and  tha  motion  of  the 
cable  ia  deacribed  by  the  f;  met  ions 

x  =•  if  +  +  a,  t  j  y  -  A  *  ^  1 1 . 

Because  of  the  initial  condition  X  *  S  and  y  «  0  for  /"  =  C 


the-eonetantJ“ '^0  and 


A 


must  be  zero,  Thus 


X  * 


lT  +  O,  £ 


J 


At. 


The  motion  of  the  cable  is  a  motion  parallel  to  its  initial  position 
•with  a  constant  velocity  whose  components  parallel  to  the  X  —  and 
the  y-  axis  are  respectively 


2*  m  a, 
?/ 


2z  s  J* 

f?  '  • 


u 
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4.  Motion  of  Singularities  1 

Many  applications  of  a  cable  especially  those  where  a  cable  is  exposed 
to  impacts  lead  to  the  formation  of  kinks  in  the  cable  during  its  motion. 

At  the  point  of  a  kink,  the  preceding  results  are  not  applicable  because  the 
functions  involved,  for  instance  &  (^/  7)  ,  have  no  derivatives  in  such 

point.  The  derived  equations  are  _ao  f an, only _as_  the— required  derivatives 

exist  and  are  continuous.  Moreover,  we  will  consider  in  the  following  the 
motion  of  a  cable  frequently  by  replacing  approximately  its  actual  shape  by 
a  piecewise  straight  cable.  Along  the  straight  parts  our  previous  results 
will  be  valid.  However,  we  have  to  find  the  relations  which  are  valid  if 
we  pass  from  one  straight  cable  segment  to  the  next  one  over  a  singularity 
as  for  instance  represented  by  an  angle  between  the  two  segments. 

For  this  purpose  we  assume  that  a  moving  cable  forms  an  angle  with 
straight  legs  at  a  point  T3  which  is  moving  parallel  to  itself  with 
a  constant  velocity  while  the  cable  passes  through  the  point  7*  (see  Figure 
28).  We  assume  further  that  we  are  moving  with  the  point  7  ao  that  the 
angle  is  in  rest  with  respect  to  our  reference  system.  Tire  angles  <£>, 
and  S j  and  the  stresses  and  in  the  two  legs  are  constant 

but  the  cable  is  moving  longitudinally 
through  the  point  7^  say  with  the 
velocities  Ut  and  14±  in  the  wo 
legs  respectively.  The  cross  section 
area  J  of  the  cable  is  supposed 
to  be  constant.  If  the  stresses  $*, 
and  would  be  different  the 

densities  and  would 

be  different  accordingly, 

|_J*  Coapare  Reference  12. 
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The  mass  per  second  which  passes  through  a  narked  point  on  one  side  I 

of  P  must  he  the  same  as  the  mass  per  second  passing  through  a  marked 
point  on  the  other  side  of  P  .  Thus  we  have  the  continuity  equation 

®  \  u t  (148) 

for  the  mass  flow  of  the  cable  through  the  singularity  P 

A  second  relation  follows  from  Hooke's  lav  (formula  (6)),  Considering 
6*,  as  initial  stress,  we  have 

£z  _  U2  ~  u>  (149) 

I  +  jl'  ~  li, 

because  (ttx  —  U4  )  ■ .  ..  is  the  elongation  which  an  element  of  the  length 

U,  A. t  experiences  if  it  passes  over  the  point  P, 

Finally  two  more  relations  are  obtained  from  momentum  considerations. 

The  momentum  equation  for  the  direction  tl,  yields 

ctn($x  *  &t)  -  vz  •  ux  to?  &t)  ~  ft  ut  .  t/t 

and  in  the  direction  perpendicular  to  t/f 

S'g  ( &x~  ®*)  *  u\  ’  * 


Therefore,  respectively 

-  pt  ut)  (&i  “  a  £  -  ft  *4 2 

and 

(V^4  ^  J  ~<9,J  a  O. 

From  equation  (151)  follows  now  that  one  of  the  three  cases 

(*)  P,  ui  *0,  (A) 

holds , 


0.50) 

(151) 


^Thus 
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or  because  of  (l48) 

$z  -  e;  *  ft  ^  -  (ft  uz  «  {ft  ( v*  -  *  J 


-  s',  _ 

~iT  =  w, 


(152) 


So  equation  (l49)  takes  the  for® 

sr»  -s', 


<r*  -<r, 
“HH 


vhich  yields 


S,  =  5"/ 


Thus  from  equation  (152) 


and  from  (l48) 


Ux  *  U, 


h  s  ft 


Dynamic  equilibrium  exists,  than  if 

G,  m  {>  If,  . 

Case  (bit  If  6?4  *  &t  aquation  (150  yields 
-  ft  w*  *  ^  ■”  ^  u,i 

°r  .  ,  . 

(Tj,  S',  -  /ft  ft  -  fft  u7  »  fou*  (ux~  t/J 

because  of  (l46).  Therefore  equation  (l49)  takes  the  fora 


S',  -  (T, 


,,  S', 

'  2 


<£L 

£ 


J 

pageS4 


NAVV^W**  4NO-^HIIrA..  *4. 


NAVAL  AIRCRAFT  FACTORY 

NAVAL  AIR  MATERIAL  CENTER 

PHILADELPHIA,  PA. 


4MD.|UttC**4M 


REPORT  NO 


NAEF -ENG -6l69 


^Thns  again  6*  -  <** ,  V\ s  U,  ^  aa  before  or  if  ^  Sf  ! 

"• =  JFkW 


vhich  is  the  longitudinal  wave  velocity  (see  formula  (l4l)).  Corre spondingly 


follows  in  this  case 


S’  + 


vhich  i-  again  the  longitudinal  wave  velocity. 


Case  (c)‘.  If  6^  —  &t  &  TT  formula  (150),  yields 


If  ve  introduce  the  density  f®  for  zero  atreao  by 

5.  ,  A  .  /a  |- 

ft  *1*4 

according  to  formula  (15)  and  the  longitudinal  wave  velocity 

ro  a  i/f 


this  equation  can  be  written  in  the  form 

(*?  ,  (utS  ,i!* 

‘  /*  £  /*  ff  & 


On  the  other  hand  equation  (l49)  can  be  written  in  the  form 

V,  /JL  Sj 

c.  G 


(153) 


(154) 


Both  equations  (153)  and  (154)  determins  the  velocities  (J,  and 
aa  functions  of  and  6^  by  the  intersection  of  the  e.Uipee  (153) 

vith  the  straight  line  (154). 


HAV*-N*«  4*D-*mU..  Pk. 


J 

PAGE  85 


NAVAL  AIRCRAFT  FACTORY 
NAVAL  AIN  MATERIAL  CENTER 

PHILADELPHIA.  PA. 


4MD»MAtfC**«It 


5*  Oblique j  Transverse  and  Reverse  Impact 


report  no  IIAJ2F -ENG -6169 
"1 


The  endpoint  O  of  a  straight  long  caole  with  the  Initial  stress 
is  asauaed  to  move  suddenly  with  a  constant  velocity  in  a  given 

direction  ^  (see  Figure  29).  The  cable  naves  tton  at  any  time  after 
the  impact  in  tvo  straight  parts,  the  part  7'6>  in  the  direction  /3  with 

the  velocity  and  the  part  77 Q  in  the  direction  from  77  to  Q 

vhile  the  part  beyond  77  is  at  this  moment  at  rest. 

This  can  be  dariyed<by 
elementary  physical  considerations . 


The  moving  force  produces  longitudinal 
and  transverse  displacements  of  the 
cable  particles  with  the  possibility 
that  the  longitudinal  displacements 
propagate  with  a  different  velocity 
along  the  cable  from  that  of  the 
transverse  displacements.  At  the 


V*\\ 


FIGURE  29 


same  time,  a  particle  at  67  obtains  a  displacement  in  the  direction  ^ 
while  a  particle  at  77  obtains  a  longitudinal,  displacement  in  the  direction 
toward  67  ,  After  these  sudden  displacements  no  force  acts  on  the  tvo 

particles  anymore.  They  ore  moving  now  with  constant  speeds.  From  the 
homogenity  of  the  material  and  the  constancy  of  the  cross  section,  it  follows 
that  the  momentum  magnitudes  at  points  67  and  "7?  must  be  at  any  time 
t^e  same.  Thus  the  stresses  6^  along  va  and  falong  Q  7%  must  be  constant 
and  it  must  be  $>,  »  $4  according  to  the  results  of  the  preceding  section 

if  the  angle  ©  satisfies  the  condition  O  <  ©  V~  t 
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From  this  knowledge  vr  can  deri\2  now  the  formula  for  the  stress  due 
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V\A  a  +■  r»<o  a  a  * 


to  oblique  impact?  For  this  purpose,  Figure  30  shows  the  cable  in  its  straight 

initial  shape  and  above  it  its  shape  at  any  time  £  >  O  ,  The  endpoint 

Q  of  the  cable  moves  during  the  time  £  in  the  direction  OT3  with -the 

velocity  ^  from  O  to  P  .  Thus  OP  s  ^  £  .  Since  the 

stress  along  ~PQ7?  is  constant,  Q  moves  with  the  transverse  wave 

velocity  C  with  respect  to  S  according  to  the  result  of  Section  IV  3. 

If  d}  is  the  point  which  corresponds  to  6?  at  the  time  £ 31  O 

then  oa  -  s  t  .  The  point  $  moves  toward  6?  and  coincides 

with  Q  at  the  time  £  .  But  Q.  starts  its  motion  toward 

only  after  the  longitudinal  wave  has  arrived  at  O  which  is  the  time  ^  £  • 

,  /  — 

If  £  is  the  time  which  0.  needs  to  travel  up  to  <j?  then  the 
longitudinal  wave  propagates  in  the  same  time  £  from  6?  to  ^  in 

the  distance  c£  from  O  ,  Thus 

£'»  ('-£)/■  U55) 

In  the  part  $7?  the  cable  has  a  stress  G>*  which  is  produced  by  the 
oblique  impact.  But  here  the  cable  ia  insensitive  to  whether  the  stress  has 
been  produced  by  an  oblique  or  a  longitudinal  Impact  with  a  certain  velocity  tl,  . 
Therefore,  the  cable  muat  move  between  (2.  and  with  a  velocity  ej. 

which  ia  determined  by  the  longitudinal  impact  formula  (35)  00  that 


r-  G, 
SL 

/  _a  GV 


(156) 


Now  Q  Q  n  lit  and  therefore 

CO  t  m  C  t  -  U  £  «  C  t  —  tc  ( '  ~  ^ ^ 

0r  -  , 

m  «  jc.  -  u  f s.  1 , 

c  *  c  c  (  c  J  (157) 

This  relation  determines  the  velocity  CO  of  the  kink  Q  if  the  stress  is  known. 


*  Compare  the  approximate  results.  Reference  8 
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FIGURE  30 

The  initial  cable  length  which  ia  Influenced  by  the  motion  at  the  tine  ^ 
ia  1  =s  or?  =  ct  ,  The  elongation  at  thia  tine  ia  £  =  “*  0(2  , 

From  the  triangle  OT^Q  the  following  ia  obtained: 

PQ.  a  /  +  CO  k*  2 Cti  VQ  £ 


Thua 


£ 

1 


7? 


m+m 


f  - 


& 

c 


According  to  Hooke 'a  lav  (formula  (6))  ve  obtain 


'•2 


u 

c* 


-  ^  - 


CO 


&53) 


Here  ~  and  21  are  functions  of  S’*  according  to  (156),  (157)  and  (l^5). 

**  c 

We  write  nov  formula  (158}  in  the  fora 
«T-  <f  t  ^  * ■zip 
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and  replace  by  the  right  side  of  (l?T)  vhich  yields 

Ccf*  *  e  (c~  r'-t')  en^ 
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§> 


Because  of  (156)  and  (l^5)  this  yields 


,  „  V-# 
+  2  c 


rr 

!  a. 

£ 

? 

r»>|ci 

1 

'*§' 

£ 

£T 


"pf  )/P 


=  A 


<r~  «■» 


E. 


/  * 


<£-e> 

/v-  £> 


(159) 


This  equation  determines  the  oblique  impact  atrese  6*  if  the  impact 
velocity  V^,  the  Initial  stress  <5^  J  the  elasticity  modulus  <£  and 
the  density  {©  at  the  initial  stress  are  given  C  being 

determined  by  c  ,  £ 

* 3  /r*«  /? 

according  to  formula  (iLl).  This  result  can  be  simplified  if  ve  introduce 

<?  w  1/^ 

.  ....  .  *  f(*o 

vfaere  f>  la  the  density  at  zero  stress.  Then 

2  »  ,/G  J  if- ^  ■ 
c.  ji  J  (/  £ 


Since 


1"  -  /  *  | 


according  to  formula  (15)  ve  have 


J2  —  /  ^  £jp 
C.  <=■ 


(160) 
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If  we  multiply  now  equations  (159)  by  (c  )  an<*  UBe  ^i0  ^^tion 
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we  obtain  the  final  result: 

The  impact  velocity  .  the  impact  angle 


atresa  6*  are  connacted  by  the  equation 


£hi 


I H  - 


'-J  c<yo^> 


$-  6, 
^T 


and  the  impact 


-(W 


(161) 


fis 

where  iB  the  initial  stress,  c  the  elasticity  mod.u3.ue  and  ~  j/p- 


the  longitudinal  wave  velocity 


being  the  mass  density  at  zero  stress. 


It  can  be  expected  that  for  ^  c  O  equation  (l6l)  yields 


formula  for  the  longitudinal  impact 


In  this  case 


Thus  either  . 


«■>  <T£ 


(162) 


shl?  _  «  /  i+  «  c?  . 

£  f  £ 

The  first  of  these  equations  la  identical  with  the  formula  for  the  longitudinal 
Impact.  The  oecoiid  is  meaningless  because  it  does  not  have  a  real  solution 


6“  for  &  poaitive  valua  of  V©  . 


The  formula  for  the  transverse 


sndicular]  impact  ia  obtained  for 


j3  =  90®  which  yields  _  , _ 

/mj  ,  £i2f.;r  ,'TTs  _/£i£?rt 

[?J  *  *  «  !*«  I  4  (  e  J  ■  Ci 

If  |/3  increases  toward  the  limit  l80°  the  formula  for  the  reverse  impact 
follows  from  (l6l).  We  have  now 

(*  *  z±’  )l*  i  lff  ./TIT  (£  vl  ici ) . 

(  r,  £  y  f  £  £  l  <*«  £/ 


(163) 
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Thus  either 
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S’  —  <S*  e 


fiFi  - 


ff-G 


0  —  zi 


V* 


(164) 


The  first  of  these  equations  corresponds  to  the  longitudinal  impact  with 
negative  velocity  (compression)  vhich  is  meaningless  for  a  cable  vhile 
formula  (l64)  represents  the  actual  formula  for  the  reverse  impact. 

We  complete  these  relations  by  listing  for  the  kink  velocity 
in  the  general  case  the  formula 

S'-  S'e, 


«  „  /I  /,,£  _ 

If.  r«  /  a 


if*  f &  r  «-  £ 

vhich  follows  from  (l57)  "by  multiplication  with 
for  the  kink  angle  the  formulae 


(165) 


JL 

f# 


=  2 


and 


Si 

ja. 


{W 


V^. 


(166) 


which  follow  from  the  triangle  O  "P63  in  Figure  30. 

In  the  case  of  the  reverse  impact  (l64)  and  (165)  yield 

^  l- 1  -/I  R  -  i(f.*V 

%  -  i(k  -«;• 

This  reavilt  ahova  that  the  l80°  kink  moves  with  a  velocity  CO  vhich  is 
vo 

smaller  than  *y  ,  This  oust  be  so  because  naaa  is  picked  up  continuously 


during  the  motion  resulting  in  stress  vhich  runs  ahead  of  the  kink  along 
the  cable.  Only  in  the  case  of  a  nasoless  cable  tiia  kink  would  move  with  the 
velocity  * 

For  other  impact  problems  compere  references  21  and  22, 
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If 


£  .  <TC 


and  5?  are  negligibly  small  compared  with  unity  formula 


(l6l)  can  be  simplified  to 


5  Hr  fi  -(Hr)'  &«> 


This  and  the  following  formulas  up  to  (lTl)  are  sufficiently  correct  for 
conventional  steel  cables  and  steel  cables  with  hemp  core.  (166)  yields 

£  -  ~(i%  -  Hr)  ^  ■ 


The  corresponding  approximations  for  the  longitudinal  and  transverse  wave 
velocities  are 


fa 

'  “  *  fa.  J 


C  -  [/ 


n 


The  particle  velocity  1b  determined  by 

U  g-  <To 

Z  £ 

and  the  kink  velocity  by 

c ill* 

The  kink  angle  Q  is  given  correctly  as  before  by 


o',  0  --  ?r.vjt  l 


3 


t  v  <9 


'4  . 

*  <T  / 


~/3. 


Equation  (l6T)  can  bo  evaluated  for  all  data  by  one  simple  graph.  For 
this  purpose  all  lengths  of  tiie  upper  Figure  30  have  to  be  osaaured  in  the 


unit 

31). 


SO 


(167) 


(168) 

(169) 

(170) 

(171) 


that  07^  *  /  ,  Then  OPs  ^  and^a  (see  Figure 


Let  the  circle  with  the  center  <j?  and  the  radius  cut  the  side  ~PQ 

*-o 

of  the  triangle  0P&  in  S  .  Then  PS  is  the  elongation  of  the  cahie 
divided  by  C9t  .  Thua 

<T-  (To 


PS 


u 
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FIGURE  32a 

OBLIQUE  IMPACT  STRESS  (DETAIL) 
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FIGURE  34 
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We  choose  K  in  the  distance  from  O  a3  a  fixed  point  for  the  following 

S'"  S'  r~ 

construction*.  Computing  for  various  values  of  the  expression  j/^r-  -  ~ 

ve  construct  the  circles  with  the  radii  and  the  centers  in  the 

distance  —  £  from  7f  and  denote  these  circles  by  their  corresponding 

value  (§)■  We  construct  from  7f"  the  vector  with  the  length  ~  under 

the  angle  ^3  against  7f  0  up  to  point  M  and  from  n  the  vector  ^ 

parallel  to  'K 0  .  Then  the  endpoint  of  this  vector  is  the  point  P 


situated  on  the  circle 


/4T 


( £ 


''I 


A  sufficiently  dense  set  of  circles  yields 


a  graph  from  which  the  oblique  impact  tensions  can  be  determined  for  any  given 
data.  Figure  32  shows  this  graph.  Figure  32a  shows  a  detail  of  Figure  32. 

In  Figure  32b,  the  curves  constant  are  plotted  for  zero  initial 

stress. 

In  the  case  of  perpendicular  impact  ( ^>  -  tfc)  formula  (169}  yields 


)  = 
Q  1 


(T  —  o# 


£  -./£=& 


(172) 


V 

Figure  33  represents  this  relation  between  —  and  ~  for  various  values 


of  s 


£ 

impact  stress, 

£ 


£ 

in  order  to  show  the  influence  of  the  initial  stress  on  the  resulting 


If 


is  negligibly  small  compared  with  j/jjT  then  equation  (166) 


yields  a  further  approximation 

(rl)  *  *  ^  (''I  Cff3P  =  2  V"  '  h?3) 

In  the  special  case  of  perpendicular  impact  (/l  *  tyO*)  and  a  which  is 

zero  or  negligibly  small  compared  with  €T 


this  equation  yields 


(17*0 
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This  formula  vbs  first  derived  by  the  author  of  the  present  monography 
in  19US  (reference  (8)).  The  curve,  Figure  S1*-*  represents  this  relation 
and.  shovs  measured  values*  obtained  from  different  cables,  initial  tensions 
and  impact  velocities  (compare  also  references  (13)  and  (16)).  Figure  35 
shows  the  transverse  impact  tensions  in  pounds  as  functions  of  the  impact 
velocity  in  knots  for  frequently  used  cable  data. 


*  Mainly  NAEF  measurements.  For  the  technique  of  impact  measurements 
compare  reference  20, 
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l  7.  Energy  Relations 

As  in  the  case  of  longitudinal  impact,  it  is  of  interest  to  study  the 
distribution  of  the  input  energy  on  the  moving  cable  parts  in  the  general  case 
of  oblique  impact  and  especially  in  the  case  of  perpendicular  impact. 

There  have  to  be  considered  now  three  parts  into  which  the  work  done 
at  the  cable  and  point  0  will  be  split,  the  kinetic  energy  of  the  cable 
segment  7#  (see  Figure  30)>  the  kinetic  energy  of  the  segment  O.P  and  the 
potential  energy  stored  in  both  segments  in  form  of  stress.  The  mass  /7T,  of 
PQ  at  the  time  t  is  the  same  as  the  mass  of  OQ  at  the  time  zero 
which  is  /7Jtxs  jP^d^The  segment  P$  moves  with  the  velocity  ^ 


Thus  its  kinetic  energy  is  * 

Ht  =  Pf  c  i  •  ~  * 

The  cable  segment  <?/?  has  at  the  time  £  the  sane  mass  as  <3?  at  the 
time  taro  which  is  Q-  ( C~  C ) t ,  Its  velocity  is  the  particle 

velocity  U  .  Therefore,  its  kinetic  energy 

a 

=>  <o  f  (c  -  cj  /•  £  . 

The  vork  required  to  elongate  the  cable  statically  from  the  stress  6^ 
to  the  stress  6  is 


(175) 


(176) 


vhare  £  lo  the  elongation*  Nov 


e?  - 


u 

c 


Thus 


n) 


%  -  fc/'  $■ 


We  use  dlmenaionlesB  energy  coefficients  dividing  the  energies  by  the  arbitrarily 
chosen  energy 

2 

H  «  ~  078) 
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(179) 

(180) 
(181) 


Using  the  formulas  (l45)  and  (156)  ve  can  express  and  by  ^ 

and  JL  .We  get  /~1 x 


c 

C 

_6T 

e 


.  We  get 

ml 


-(f)* 


SLP 


tc 

c* 


/*  " 


Then  takes  the  form 

%  =  l(i)  c(‘H)  Ic) 
a  form  which  correspond!  in  the  variables  to  and  * 

For  the  total  energy  V  ~  +  7i  +  */iT  «  ri0V 

7=  §(ml-<?)i*ml('+¥)' 

We  must  find  the  us»  value  ^  by  computation  of  the  work  dona 
against  the  tension  by  moving  the  cable  end  point  O  in  the  direction  ^3 
with  the  velocity  V£  .  This  work  is  equal  (ceapare  figure  3°) 

f/«  jjff  cm/  •  V,  £ 

or  in  dimensionless  form 


(182) 


(l83) 


6" 

V  w  z  £ 


/+ 


' _  V. 

s>  c 


CM 


/. 


(1BI3 

085) 


From 


C+7  /  =  Ci* J  ( -  &)  s  (I*  CM  &  1**  p>  **■+»  ® 

and  formula  (l?l) 

C+y  &  3 


Of 


CM 


>/3 


follows 


►  I  • 


ten 


/ 


'Is 


&  CM 


1 


L 


>J (?)'*(?)*+*  ?  f  "t 
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Formulas!  (158)  and  (157)  yield. 
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S  &  +.  ft 

C  C 


and 


*  f  r  <•*/*  -  •*  I 


Thfireff^re,  because  of  (185 )  ^ 

v 


/  *■ 


$('+*) 


(187) 


Formula  (145)  for 


r 

~  shows  that 


_tT 

£ 

X 

c 


and  (156)  for  ^ 


that 


/  * 


/  *  5r 


Therefore  the  expreeaion  (187)  for  ??  be  cease  a 


tO 

/ 


(180) 


which  ia  identical  with  (l8|). 

Formulas  (l79)j  (l80)  and  (l8a)  ahov  correctly  the  diotribution  of  the 
input  energy  over  the  cable  in  the  general  case  as  functions  of  the  stress  S'* 
if 


a e 

c 


If  QW 


*  c 
r 


q  and  —  are  replaced  by  their  expressions  in  G*. 


and 


s* 

£ 


— fi  »>re  negligibly  assail  empaled  with  1  these 


formulas  aLsplify  to 


L 


%  -  i  f  • 

7*'zs  ¥'-(^V 


z 
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(189) 
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6  >  5© 

(190) 


If,  moreover,  6^  is  tero  or  small  compared,  vlth  CT  tho  laet  formula  shows 
the  strain  energy  is  always  approximately  equal  to  the  kinetic  energy  af 
the  longitudinally  moving  cable  segment. 

In  the  case  of  perpendicular  impact  ve  have  because  of  t,l7l)  the 
following  approximate  expression: 


and  therefore,  approximately 


Z 


l 


while  approximately,  /  „  K  \ 

7* -  (-jr) 


So  the  kinetic  energy  of  the  transverse  moving  segment  is  about  50  percent 
of  the  total  energy  while  the  kinetic  energy  of  the  longitudinally  moving 
segment  an d  the  strain  energy  are  about  25  percent  each  of  the  total  energy. 
Tha  laat  re*uit  has  been  found  by  J,  Thoalineon  (England),  formula  (19O), 
however,  thews  that  for  larger  stresses  these  statements  can  be  considered 
aa  crude  approximations  chly  because  y  1=  la  not  always  negligibly  small 


cospaWd  with  1  if 
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£ 
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8*  Impact  at  a  Moving  Cable 

Tbs  purpose  of  the  investigations  of  this  and  the  following  sections  is 
to  show  that  the  oblique  impact  formula  is  not  restricted  in  its  applications 
to  the  special  problem  of  determining  the  stress  in  a  cable  due  to  impact 
but  that  it  is  a  convenient  tool  for  the  solution  of  many  more  general 
problems.  This  becomes  obvious  if  ve  realize  that  any  cable  motion  can  be 
replaced*  with  any  desired  degree  of  accuracy,  by  the  motion  of  an  equivalent 
polygon -shaped  cable  vhereon  each  side,  in  a  given  moment,  the  velocity  and 
the  stress  have  constant  values.  The  resulting  configuration  and  stress 
distribution  may  be  computed  then  for  any  subsequent  time  as  the  result  of 
a  sequence  of  impacts.  If  the  number  of  steps  required  for  the  solution 
of  a  particular  problem  in  this  way  is  not  too  large,  it  can  be  solved  by 
a  sequence  of  readings  from  the  graph  for  the  oblique  impact  formula.  This 
method  will  be  illustrated  in  this  chapter  at  a  aeries  of  problems,  frequently 
occurring  with  tire  practical  use  of  cable#, 

First  we  consider  a  straight  cable  jsx  with  the  constant  stress  6^  , 

which  moves  longitudinally  with  the  constant  velocity  U,  ,  (see  Figure  36). 
We  aaauma  that  a  pcint  6?  of  the  moving  cable  is  subject  to  an  impact  with 
the  velocity  under  the  angle  {$  relative  to  the  moving  cable. 

The  problem  of  determining  the  stress  6”  resulting  from  this  impact  can 
be  computed  in  two  ways: 

* 

a,  We  can  assume  that  ve  are  moving  with  the  cable  longitudinally  with 
the  velocity  (see  Figure  35a).  Then  the  impact  at  the  cable  segment  (SR 
is  simply  equivalent  to  the  oblique  impact  with  the  velocity  \/0  under  the 
angle  ^6  at  the  cable  in  re#t  with  the  initial  stress  and  the  impact 
stress  &  follows  directly  from  the  impact  formula  or  the  graph. 
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FIGURE  jo 

b.  Ws  can  wsauma  that  the  longitudinal  motion  hen  been  produced  by  a 
longitudinal  ii_-ct  with  the  velocity  at  a  cable  in  re*t  with  a  suitable 
initial  stress  6*o  so  that 

—  d#  jv, 

£  "  £ 

according  to  th*  longitudinal  impact  formula,  which  determine*  the  unknown  6*#  . 
The  etrees  6*  produced  by  tha  impact  velocity  V,  in  tha  direction  ft 
vill  then  be  the  same  as  th»  stress  produced  by  the  impact  velocity  ^  * 
in  th*  direction  /3  at  tha  cable  in  rest  with  the  initial  stress  ^ 

/  J  / 

where  ^  and  r*  ore  shown  in  Figure  36b,  ^  being  the  resultant  of 

the  velocities  v£  and  -  U(  ,  Tha  identity  of  both  results  follows  direct, ’y 
fra*  the  graph  figure  32. 

Tha  impact  stress  in  the  cable  segment  can  be  determined  in  tha  same 
way  replacing  ^6  by  l80*-  ($  ,  The  stresses  in  the  two  segments  will  be 
different  in  general  because  no  stress  is  allowed  to  pass  over  the  moving 
point  Q  in  this  case. 

This  example  shows  how  th*  determination  of  th*  impact  stress  at  a  moving 

cable  can  be  reduced  to  th*  determination  of  the  impact  stress  at  a  cable  in 
rest.  In  a  similar  way  th*  problem  of  determination  of  the  impact  stress  con 
bn  solved  if  th*  cable  initially  performs  any  motion  psurallei  to  itself 


ha»t  w»a  •*- 

with  •  constant  velocity. 
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(9,  Sequence  of  Impacts  1 

The  problem  to  he  solved  in  this  section  is  the  following.  The  endpoint  0 
of  a  cable  in  rest  with  the  initial  stress  &0  is  -asgumd.  -to  move  during  a 
time  with  a  constant  velocity  under  the  angle  jQa  into  the 

position  7%  {see  Figure  37).  After  that  time  point  7%  is  assumed  to 
move  with  a  constant  velocity  Vt  under  an  angle  against  the  original 

position  of  the  cable  during  a  time  ^  into  the  position  ^  ,  Due  to  the 
first  of  these  impacts  the  cable  will  obtain  a  kink  which  will  be  situated 
at  the  time  ^  at  a  point  09  as  indicated  in  Figure  37.  The  second  impact 
will  produce  a  kink  an  the  cable  segment  no,  which  will  be  situated  at 
the  time  at  a  point  0t  .  To  be  determined  are  the  velocity  /, 

and  the  angle  relative  to  the  moving  cable  segment  7^  which  produce 

the  second  impact  guiding  ^  to  7^ 

The  first  impact  with  the  velocity  ^  in  the  direction  produces 

in  the  cable  vith  the  initial  stress  6^  a  stress  C>,  which  can  be 
determined  from  the  oblique  impact  formula  or  the  graph.  The  corresponding 
kink  angle  @e  ia  known  from  ona  of  the  formulae  (166)  and  can  be  read  from 
the  graph  too.  The  second  impact  has,  with  respect  to  the  n*>v ing  segment 

th*  unknown  velocity  ^  and  the  direction  Av  .  Without  this  impact 
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^vould  3K3v#  during  the  time  t(  into  the  position  t$,  .  The  unknown  impact  ^ 

has  to  font®  it  into  the  position  ,  Thus  the  vector  T^  Tt  vith  the 

length  V".  t,  under  the  angle  ft,  and  the  vector  7M  must  have  the 

~~jt  - — ->*■  — <m 

vector  v  as  resultant.  Because  the  vectors  7%  S,  and  7%  "P,  are 

given,  the  vector  To  7^  can  be  constructed,  T%  *?,  T^  T,  being  a 

parallelogram.  Thus  V,  and  are  determined. 

The  initial  stress  for  the  second  impact  is  6”,  ,  the  impact  stress  due 

to  the  first  impact.  Thus  the  stress  6^  due  to  the  second  impact  can  be 
determined  from  the  impact  formula  or  the  graph.  The  kink  angle 
follows  agair  *rom  one  of  the  formula  (l66)  or  the  graph. 

The  stress  6^  determined  in  this  way  is  valid  only  in  a  neighborhood 
of  Tj  " s  1-ng  as  no  reflected  stress  vave  arrives  at  this  point.  Actually 
the  stress  induced  by  the  second  impact  propagates  toward  00  and,  upon 
arrival  at  this  point,  experiences  a  disturbance  which  will  propagate  forward 
and  backwj'jrd  along  the  cable.  The  returning  disturbance  will  experience 
another  disturbance  vh*u«  passing  over  Q,  and  will  finally  contribute  to 
the  stress  at  T)  ,  A  detailed  study  of  the  stress  propagation  over  a 
kink  is  contained  in  section  3-L 
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We  consider  an  oblique  impact  as  discussed  in  section  5*  The  initial 
stress  at  t be  cable  in  rest  ia  assumed  to  be  &0  ,  The  impact  velocity  is 
V0  and  the  impact  angle  ^  (see  Figure  38). 

The  cable  segment  is  moving  longitudinally  with  the  particle 
velocity  lit  determined  by  5-  _  <y#  uf 

■V"  *  ci  ' 

We  consider  now  t?  as  a  particular  cable  point.  It  ia  moving  with  the 
velocity  tt,  toward  the  kink 

point  while  this  point  moves  J 


with  the  kink  velocity  C4)  toward 
the  left.  If  we  assume  that  we  are 
moving  with  the  point  7?  this 
point  now  is  a  fixed  point  and  iR 

“IT 

the  kink  approaches  this  point  with 
the  velocity  a)  +■  It  t  # 


(<*/> 


<?  (dj  0 


FIGURE  38 


If  new  7P  would  be  free  to  move  in  the  moment  vhare  coincides  with  T? 

it  would  move  in  the  direction  TP  ?P  T?  p-,  %t/  Q 


where 


la  determined  by  the 


velocities  and  U ,  as 

shown  in  Figure  39*  Therefore,  in  order 
to  keep  in  its  fixed  position  an 


oblique  impact  with  the  velocity  - ~~P~ —  * - u- 

/  rtn"  nn*  'N  «  Q 

V  a  n  /T  ®  y 

in  opposite  direction  to  ft R  has  to  be  /  ^  1  I 

V  1 

applied  in  X*  at  the  cable  7?  7*  t  , 

A* 

the  Impact  angle  being  f*  as  shown  /„ 

in  Figure  39,  FIGURE  39 
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The  initial  stress  for  tills  impact  is  S"y  #  Use  stress  6^  produced 
by  this  isspaet  can  he  obtained  from  the  impact  formula  (l6l)  or  the 
graph,  and  is  the  stress  produced  by  the  reflection  of  the  kink  wave 
at  the  fixed  point  'R  . 


1 


L_ 


J 

PAGE  111 


NAVY-**#  4NO-*WtlA..  AA. 


■  «*<  SI  W55WPWWWU  i 


NAVAL  AIRCRAFT  FACTORY 

NAVAL  AIR  MATERIAL  CENTER 

PHiLAOIUPHU.  PA. 


4ND.NAMC-14SI 


r 


11,  Stress  Propagation  over  a  Kink 

We  consider  again  an  oblique  impact  as  in  the  preceding  section 
(see  Figure  40)  using  the 


report  no  IIAEF -ENG -6169 

n 


p 


impact  formula 

S'*  -  5"/  A  U 
£  * 


FIGURE  40 


The  stress  difference  &%.  -  Gf  propagates  toward  6i  and  when 
arriving  at  $  suddenly  changes  the  motion  of  Q  compared  with 
that  which  would  take  place  without  the  action  of  this  stress  difference. 

The  disturbance  of  Q  means  an  impact  as  veil  at  the  cable  segment  07s 
as  at  the  segment  &  ft  ,  The  configuration  of  the  cable  after  these  impacts 
will  be  aa  shown  in  Figure  4l, 
jS!  i«  the  point  which  separates  the 
stress  areas  6a  and  Si 
on  at  a  short  time  after 
the  longitudinal  impact  d  M 
(see  Figure  40).  This  point  moves 
with  the  longitudinal  wave  (<^) 

velocity  toward  Q .  , 

From  the  moment  on 

where  J?  reach  point  <5? 


(see  Figure  4l), 


FIGURE  4l 
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this  point  moves  in  a  direction  which  is  unknown  at  the  present.  ^ 

!Two  kinks  7*  and  Af  are  faming  and  moving  respectively  toward  /f* 
n_r\A  r*  due  to  the  two  respective  impacts.  Both  impacts  must  produce  the 
stress  according  to  the  results  of  section  17  4.  The  stress  6 
propagates  toward  7?  and  "P  and  has  reached  after  unit  tine  say  the 

points  A  and  2>  .  Beyond  A  the  stress  is  equal  <5^  and  beyond 

_  / 

J3  equal  6^  ,  assuming  that  the  points  /T  and  r*  have  not  been 

reached  yet.  If  the  kink  angle  at  7  is  equal  &  that  at  AA  ia 
equal  Ot  ~  Q  . 

i  nJ 

We  denote  with  V  and  /->  the  impact  velocity  and  the  impact  angle 
with  respect  to  the  coving  cable  segment  G>  <  and  with  V  ,  {3 
the  impact  velocity  and  the  impact  angle  with  respect  to  the  moving  cable 
segment  7? A  .  Both  impacts  must  result  in  the  san»  velocity  V 

and  the  saws  direction  ft  for  the  motion  of  <5?  into  the  position  $7 
Both  impacts  must  result  further  in  the  same  stress 'and  the  same  angle  @  . 

v*. 

The  first  cf  these  conditions 
yields  the  geometrical  relation 
expressed  by  figure  42.  Bo  if 

/  A* 

V  and  /v  are  chosen 
arbitrarily  V  and  /«  are 
determined  by  this  configuration. 

In  order  to  satisfy  the  second  condition,  the  following  graphical  procedure 

can  be  applied.  For  a  fixed  arbitrarily  chosen  value  and  a 

set  of  arbitrarily  chosen  values  V  the  values  V  y  /**  and  the  correo- 

-  /  /-  0 

poinding  impact  stresses  o  and  o  are  determined  and  plotted  versus 


/  (see  Figure  43),  The  intersection  of  both  curves  yields 
for  A  • 
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f*Far  other  values  ^  In  the  same  way  the  points  G  =  6  ”1 

are  obtained.  The  curve  G  6  *  determines  as  functions  of  V*  , 

For  the  corresponding  values  of  this  function  the  kink  angles  <£?  —  6>  and 
&  are  determined  and  &  and  &  plotted  versus  /  •  The  intersection 
of  both  curves  yields  and  the  corresponding  value  G  «■  6  =*  (T* 

representing  the  stress  value  propagating  over  the  kink. 

At  practically  occurring  impact  speeds  and  impact  angles  the  kink 
angle  is  usually  small,  say  less  than  20°,  A  longitudinal  stress  wave 
arriving  at  such  kink  is,  therefore,  comparable  with  an  oblique  impact  under 
an  angle  y3  vhich  is  less  than  20*.  Figure  32b  shows  that  such  impact 
results  in  a  stress  which  is  nearly  equal  to  the  stress  produced  at  the 
impact  angle  ^  —  0  ,  This  means  that  a  stress  value  propagates  over  a 
kink  with  small  kink  angle  (say  lese  than  20°) approximately  without 
disturbance.  This  is  in  accordance  vith  experimental  observations  and  can 
be  proved  exactly  by  evaluat ion, using  the  correct  method  described  before. 

This  result  considerably  simplifies  the  transient  stress  analysis,  for  Instance, 
in  an  aircraft  arresting  gear  cable. 
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12.  Cable  Impact  at  a  Sheave 

An  infinitely  long  eable  is  guided  over  a  sheave  £  as  shown  in  Figure 
44  end  is  subject  to  a  transverse  impact 
with  the  velocity  V  at  its  endpoint  O  , 
the  initial  stress  being  €?0  . 

A  kink  wave  vith  the  angle  <9,  forms 
and  propagates  toward  £  ,  The 

impact  stress  6^  runs  ahead  of  the 
kink  wave  and  passes  over  the  sheave  FIGUHE  44 

before  this  wave  reaches  S1  ,  The  stress  6>  produces  a  particle 
velocity  ahead  of  the  kink  wave  which  will  turn  the  sheave  in  clockwise 

direction  vith  the  circumferential  velocity  ,  The  last  statemnt 

Involves  that  the  sheave  has  no  mass.  However;  we  will  assume  that  also 
in  the  case  of  s  sheave  with  mass  the  sheave  turns  with  the  velocity  U, 
for  the  purpose  of  tbs  following  investigation.  In  this  case  we  can  assume 
the  required  rotation  of  the  sheave  haa  been  produced  by  a  rotational  impact 
at  the  sheave  in  the  moment  where  the  stress  vave  passed  over  it. 

When  the  kink  wave  reaches  the  sheave,  it  is  disturbed  due  to  the  fact 
that  it  cannot  propagate  anymore  toward  the  left  as  before.  We  will  show 
here  that  this  disturbance  is  equivalent  to  a  certain  oblique  impact  from 
which  the  stress  after  the  disturbance  can  be  determined.* 

In  Figure  45  tha  shape  of  the  cable  after  the  impact  of  the  transverse 
wave  at  the  sheave  is  indicated  by  the  points  J*  J  Q.  and  P 
If  there  would  have  been  no  sheave  the  cable  segment  S' P  would  have 
continued  its  motion  with  the  velocity  V0  into  the  position  7? P  during 

time  t  .  The  presence  of  the  sheave  at  *S>  over  which  tha  cable  is 


*  Ccepars  reference  9, 
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FIGUKE  45 

bendad  dovnvard  reault*  in  the  deformation  sa  of  that  segment.  The  length 
It  of  $&  ia  related  to  ^  y  O,  \nd  the  hint  velocity  cd  vith 

vhich  0.  move  a  tovard  by 

Z  1  m  v/v  Co  2  /„  O'  roo(9o*+  &t) . 

the  elongation  <5/  vhich  the  segment  sp  •xperioocee  during  tlaa  t" 


i*  determined  by 


£  m  2  —  CV  —  Ut 


because  cable  ia  fed  over  th*  aboave  vith  the  velocity  Ut  due  to  the  Initial 


lapact  at  the  cabla.  According  to  Hooke 'a  lav,  therefore, 

„  J(f)X+ (?)'<-*£  f  ^(9P-  £>.)  -  2-  £• . 


(191) 


T°  K 


It  la  aaauaad  that  the  longitudinal  atreee  vave  doea  not  extend  up  to  point  7? 
If  vj  use  approximately  CO  •  C  (see  fonBUlna(l57)  and  (165)} and  neglect 


compared  vith  unity  v»  obtain 
CT-  6,  }  tv9  ,t  .  r(l>  %  . 
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FIGURE  kl 

SIMPLE  IMPACT  OP  A  CABLE  AT  A  SHEAVE 
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Compared  with  formula  (153)  this  result  shows  that  the  stress  <5~  due  to 
impact  of  the  transverse  wave  at  the  sheave  is  approximately  the  sane  as 


luced  by  oblique  impact  at  a  cable  vith  the  initial  stress  61. 


under  the 


,3  ~  y#°-  <2/ 


with  the  velocity 


This  result  is  represented  by  figures  46  and  4-7  where  the  first  figure 
shows  the  angle  &  and  the  second  the  values  of  JF  in  comparison 

r-'  r— * 

with  — '  r  an  initial  stress  °a  s  0  .The  values  of  & 

£  c~ 

prove  to  be  Approximately  the  earns  as  the  values  obtained  if  a  cable  with 

the  initial  stress  €t  is  subject  to  an  oblique  ismact  under  the  angle 

ft  -  Q&  ~  Q  vith  the  Impact  velocity  ^  , 

It  ha«  to  be  noticed  that  the  computed  stress  value  holds  only  for  a  short 

tuos  after  the  impact.  The  stress  difference  cm  both  sides  of  the  sheave  will 

start  to  accelerate  the  sheave,  a  process  which  can  be  computed  according  tc 
•  III  1 

section/  On  the  other  hand,  the  otre-.-«»  difference  &  -  6/  will  propagate 
toward  point  7*  and  generally  be  reflected  at  tnio  point.  The  returning 
longitudinal  wave  will  produce  a  disturbance  of  tha  kink  at  6?  as 
discussed  in  section  IV  11  and  will  change  the  motion  of  the  sheave  end  the 
stress  in  the  cable  in  the  neighborhood  of  the  sheave  once  more. 

If  tils  sheave  is  a#5un»d  to  be  massless  or  if  it  is  assumed  that  there 
is  no  friction  between  sheave  and  cable,  the  stress  due  to  the  impact  of  the 
transverse  wave  at  the  sheave  spreads  over  both  aides  of  the  cable  adjacent 
to  the  sheave.  Thus,  tae  Influenced  cable  length  at  the  time  t  after  the 
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lappet  Is  equal  »$W  instead  of  ct  <  Instead  of  formula  $191) 
ue  obtain  in.  this  case  the  formula 


f-  3, 

£ 


4  rn. 


~r 3  i /  \!(?i * ft/* !  ¥  ¥  '»(*>-*)  -  f  -  p 


(193) 


Uatrug  the  same  approximation  as  before  instead  of  formula  (192)  the 
formula 


ZG  —  (St , +•  & fj  j  /  .1  /{,)  |  *■  yj,  ,  •  1 

—-7 - \l (■/)•'(*)*■*£ ¥ <”(*>•*•)  -r 


(194) 


ia  obtained  where  nay 


£ 

d 


The  values  of  JF  following  frees  faraula  (is4)  are  plotted  for 
3  O  in  >’isur«  47* 


L 

MAVT— M*%  4MO-PMILA  .  PA. 


J 

PAC.E121 


“"ttmm  v  a  •  i  r 


<■— tH*-v -v 


•  .-"vstv:--; 


REPORT  RAFACT-EN0-6l69 
PAGE  122 


f!  ■■■ 


•  M*.J»AeC.t  433*  OfiV. 


r  n 

CSAPUR  Yt  D3M2CTCS  OF  AH  AIRCRAFT  ARBESTIflG  GEAR  CABLE 
1.  Scheme  of  ttea  Mark  5  and  the  Mark  7  Arresting  Gears 

In  this  chapter  the  general  results  of  the  -preceding  chapters  are  applied 
to  the  cable  problems  arising  vith  the  development  cf  aircraft  arresting 
®8StT8,*  \fe  start  vith  arresting  gears  of  the  Mark  5  or  Mark  7  type  vhich  are  - 
vith  respect  bo  the  use  of  the  cable  -  essentially  not  different.  Figure  18 
shows  the  Mark  5  arresting  gear  schematically,  A  steel  vire  cable  vith  hemp 
core,  the  deck  pendant,  is  stretched  across  the  deck  of  the  aircraft  carrier 
and  is  ccnmeted  vith  two  other  such  cables,  the  purchase  cables,  by  means  of 
terminals  or  links.  They  are  reeved  over  the  sheaves  of  a  movable  crosshead 
and  a  set  cf  fixed  sheaves  as  shown  in  Figure  48  and  finally  anchored. 

The  movable  crce ahead  is  connected  vith  a  piston  vhich  acts  against  a  hydraulic 
fluid  in  a  cylinder,  forcing  this  fluid  through  the  variable  orifice  of  a 
control  valve  into  an  accumulator,  if  the  tailhook  of  the  airplane  engages  the 
deck  pendant  and  pulls  it  out.  Thus  the  piston  is  pressed  against  the  hydraulic 
fluid  by  nothing  else  than  a  common  pulley. 

In  the  scheme  of  Figure  48,  the  arrange meat  of  the  cable  on  the  starboard 
and  the  port  sides  are  completely  symmetrical.  If  we  assume,  that  the  tailhook 
of  the  airplam  would  engage  the  deck  pendant  perpendicularly  to  and  exactly  in 
tbe  center  cf  the  deck  pendant,  no  difference  in  the  mechanics  of  the  system  on 
both  sides  would  exist,  Th*  two  anchored  cable  ends  could  be  connected  to  each 
other  in  this  cane  over  another  sheave  without  change  of  the  mechanics  of  the 
system,  Aay  system  where  the  cable  ends  are  connected  over  a  sheave  instead  cf 


being  anchored  is  sailed  an  endless  reeved  tystem*  However,  only  if  the  system 
is  Bymsetric-u.  to  th*  center  line,  the  wickered 'system  and  the  endless  reeved 


system  an  asachanieslly  equivalent.  At  shipboard,  the  segwmta  of  purchase 

«abl*  which  are  leading  to  the  first  engine  sheaves  an  usually  not  equal  in 
r*fe  reace  14, 
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length  resulting  in  an  unsyaaetry  of  the  total  system  beside  the  fact  that 
the  airplane  engages  the  cable  more  or  leas  off  center.  Only  the  arrangement 
in  the  engine  vill  be  symmetrical.  Therefore,  the  anchored  system  and  the 
endless  reeved  system  vill  behave  differently. 

The  number  2n  of  cable  segments  which  are  pulling  at  the  sheaves  of  the 
movable  crosshead  on  one  side  of  the  engine  is  called  the  reeving  ratio. 

In  the  case  of  Figure  46,  the  reeving  ratio  2n  ■  10,  If  T  is  uniformly 
the  tension  in  each  of  these  cable  segments,  the  moving  force  acting  on  the 
piston  is  equal  4n  T  minus  the  force  acting  against  the  piston  due  to  the 
pressure  in  the  fluid. 

The  pressure  of  the  fluid  in  the  cylinder  is  automatically  controlled  by 
a  valve.  In  the  older  types  of  Mark  5  Mark  7  arresting  engines,  the  orifice 
opening  of  the  valve  was  controlled  by  constant  pressure  air  acting  on  a  spindle 
while  in  recent  types  of  Mark  7  arresting  gear  the  orifice  opening  is  controlled 
by  the  stroke  of  the  engine  using  a  cam.  The  general  goal  of  any  automatic 
control  device  is  to  produce  a  force  F  against  the  piston  so  that  a  desired 
deceleration  of  the  airplane  mass  is  obtained  either  as  function  of  stroke  or 
time.  The  basic  problem  is,  therefore,  to  determine  the  required  force  F 
which  results  in  a  prescribed  deceleration.  The  control  device  by  which  the 
determined  farce  ?  can  be  obtained  is  a  fluid  flow  problem  not  to  be  discussed 
in  the  present  aonography.  Ve  assume  here  that  any  required  force  P  as  function 
of  stroke  or  time  can  be  produced. 

In  the  following,  arresting  gears  of  a  type  as  described  before  or  equivalent 
to  such  will  be  called  conventional,  Ve  do  not  restrict,  however,  the  discussion 
to  conventional  types  but  will  consider  as  well  variants  and  completely 
different  designs. 
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il.  laract  at  the  Deck  Pendant 

The  si^lest  arresting  gear  using  a  cable  would  consist  in  an  infinitely 
long  stretched  cable  only  (see  Figure  1+9). 


This  idealisation  is  of  interest 
because  it  shovs  the  upper  limit 
for  the  velocity  v0  of  an  airplane 
which  possibly  can  be  arrested  by  a 
cable. 


FIGURE  h-9 


If  we  assuma  that  the  initial  stress  of  the  cable  is  <5©  and  that 
the  hook  of  the  airplane  engages  the  cable  perpendicularly  with  the  velocity 
v0  the  impact  stress'  is  determined  by  the  transverse  impact  formula  derived 
in  Sections  I V  5  and  6  and  represented  graphically  by  Figure  33.  This  figure 
shows  that  the  smallest  impact  stress  is  obtained  in  any  case  if  6^  *  0. 

Table  1  in  Section  I  5  contain*  the  breaking  strength®  tar  steel  wire  cables 
with  heap  core  as  commonly  used  in  arresting  gears.  If  we  divide  the  breaking 

t 

strength*  by  the  corresponding  metallic  cross  section  areas  we  obtain  the 

breaking  stresses  &  _  as  shown  in  Figure  50  for  cable  diameters  between 

U/l6  and  2  inches.  The  breaking  stress  decreases  somewhat  with  increasing 
diameter  but  does  not  differ  much  from  the  constant  value  (o  s.  0.335.10®  lbs/ft2. 
Thus  apprcotiaately 

'  lOO^SS*-  -  1.83 

£ 


for  aid  steel  vire  cables  with  hemp  core  if  an  average  elasticity  modulus  of 
E  :  lfl.3  10®  lba/ft2  is  assumed.  From  Figure  33  follows  that  this  ratio 
corresponds  to  the  value 

100  a  6.80 

c 


for  the  impact  velocity  vQ  »t  6^  •  0.  Because  c  r  10020  ft/sec  is  the  longi¬ 


tudinal  wave  velocity,  therefore 

vo  •  678  ft/sec  •  k02  kts 
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Pry  8  value  represent 8  the  upper  limit  for  the  velocity  of  aa  airplane  which  "1 
possibly  css  be  arrested  using  a  gteel  cable  vith  heap  core  of  conventional 
construction. 

Biis  limit  is  independent  of  the  cable  size*  It  depends  only  on  the 
breaking  strength  ^  elasticity  modulus  E  and  the  longitudinal  wave 

velocity  c.  If  a  safety  factor  of  6C#  is  required  which  is  a  common  require - 
sent  for  aircraft  arresting  gears,  the  upper  limit  for  the  engaging  velocity 
becassa 

v„  m  ?hl  kts. 

0 

For  a  very  short  tin*  any  kind  of  arresting  gear  using  a  cable  as  arresting 
device  behaves  like  a  cable  of  infinite  length.  If  l  is  the  length  of  the 
half  span  of  the  deck  pendant  of  any  such  arresting  gear,  the  stress  produced 
by  the  impact  in  the  center  of  the  deck  pendant  requires  the  time  ~ 
to  travel  to  tbs  deck  sheaves.  During  this  time,  the  arresting  engine  or  any 
device  between  the  deck  sheave  and  the  engine  is  completely  insensitive  to  vhat 
happened  at  the  point  of  engagement  of  the  cable.  This  time  is  in  general 

very  short.  If,  for  Instance,  the  length  of  the  deck  pendant  is  2/5  100  ft 

*  a 

the  tism  in  question  is  -  ■  0,005  sec  for  any  size  csj  conventional  cable. 

c 

However,  this  consideration  proves  that  the  stress  due  to  the  perpendicular 
impact  of  the  airplane  hook  at  the  cable  depends  on  the  airplane  velocity  Vn 
the  cable  material  constants  E  and  c  and  its  Initial  stress  <5^  only 
and  is  independent  of  the  type  ctf  arresting  gear,  the  weight  of  the  airplane 
and  the  diameter  of  the  cable. 

This  o tress  is  determined  by  the  transverse  impact  formula  aa  derived 
before  and  represented  graphically  by  Figure  33  for  any  given  data.  In  Figure 
35  the  resulting  impact  tensions  are  plotted  for  three  frequently  used  types 
of  cable.  Figure  3^  shove  a  comparison  of  the  theoretical  impact  stress  vith 
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pfasured  values  obtained  from  different  arresting  gears  and  cable  sizes,  •— j 

Figure  51  represents  a  typical  cable  tension  measurement  from  a  Mark  5 

arresting  gear.  The  cable  diameter  d  -  1".  The  impact  velocity  vQ  .  101,5  kts. 
Point(^represent8  the  theoretical  impact  tension.  The  tensions  T  are 
measured  in  the  deck  links  an  the  starboard  and  the  port  sides  near  the  deck 
sheaves.  The  initial  tension  T0  •  1200  lbs.  The  engagement  occurred  in  the 
center  of  the  deck  pendant. 

In  the  case  of  an  off-center  engagement,  the  Impact  stresses  measured  in 
the  starboard  and  the  port  link  must  be  the  same.  There  is,  however,  a  time 
difference  because  the  stress  has  to  travel  on  one  side  over  a  longer  cable 
length  than  on  the  other  side.  This  is  demonstrated  in  Figure  52  representing 
an  off-center  engagement  at  a  2to  ft.  deck  pendant.  The  points  narked  by(T) 
are  again  those  corresponding  to  the  theoretical  impact  tension.  The  engagement 
is  20  ft.  off-center  toward  starboard.  Accordingly,  the  stress  arrives  at  the 
starboard  link  at  first  and  is  registered  at  the  port  link  O.OOU  seconds  later 
as  can  be  seen  clearly  in  the  oscillogram.  This  measurement  has  been  done  at  an 
arrangement  where  each  cable  end  is  reeved  separately  over  a  Mark  5  arresting 
engine  so  that  the  arresting  gear  contains  two  arresting  engines.  Accordingly, 
the  measurement  shows  two  cylinder  pressure  curves. 

There  is  the  possibility  that  the  engagement  of  the  deck  pendant  is  not  a 

perpendicular  one.  If  in  such  case of  oblique  impact  the  cable  does  not  slip 

over  the  hook  tha  influence  of  only  a  few  degrees  difference  from  the  perpendicular 

engagement  is  considerable.  From  Figure  32  can  be  seen,  for  instance,  that  at  a. 

value  of  100  12  *  2  the  impact  stress  at  /3  *  85*  is  given  by  100  J*  -  0.5 

(at  tero  initial  stress)  while  at  « 95*  the  impact  stress  is  given  by 

100  &  a  0.27*  Therefore,  if  an  engagement  would  occur  under  an  ungi*  of  only  5® 

against  the  perpendicular  direction  the  stress  on  on*  side  of  the  hook  would  be 
nearly  twice  of  that  cm  the  other  side  (See  Figure  53). 
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Such  large  stress  difference  will  in  general  be  balanced  by  slippage  of  the 
cable  over  the  hook.  At  smaller  deviations  from  the  perpendicular  direction, 
however,  considerable  stress  differences  in  the  cable  an  both  sides  of  the 
hook  can  occur.  Actually  the  impact  stresses  measured  in  both  deck  links 
are  seldom  identical.  The  difference  can  mostly  be  explained  by  a  small 
deviation  from  the  perpendicular  impact  direction. 


FIGURE  53 
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13.  Slack  Due  to  Croa ahead  Motion  I 

Tbs  stress  due  to  impact  at  the  deck  pendant  propagates  with  the  velocity  c 
(  ^lOCOO  ft/seo  for  a  steel  cable  vitb  hemp  core)  and  reaches  the  first  sheave 
of  the  engiaa  crosahead  (*ee  Figure  48)  after  a  time  t;  vhich  depends  on  the 
length  of  the  cable  between  the  point  of  impact  and  the  first  engine  sheave 
in  question.  At  this  tine  the  crosahead  will  start  its  motion.  In  the  case 
of  a  symmetrical  arresting  gear  and  center  landing,  both  first  eroashead 
sheaves  on  starboard  and  port  side  will  be  under  tension  at  the  same  time  t. 

If  is  the  impact  tension,  then  at  the  time  t^  the  force  4  T^  will  start  to 
move  the  crosahead  against  the  initial  cylinder  pressure.  Up  to  this  time 
the  tension  in  the  deck  pendant  will  be  approximately  constant  equal  T]_  because 
the  force  acting  an  the  airplane  during  that  short  time  will  not  reduce  the 
speed  appreciably.  Point  (?)  in  Figure  51  indicates  the  time  where. the: stress 
wave  arrives  at  the  first  crosahead  sheave  and  up  to  which  the  tension  is 
constant  equal  T^. 

The  acceleration  of  the  crosahead  is  usually  large  enough  that  it  obtains  a 
considerable  speed  before  tbs  impact  stress  wave  reaches  the  anchor  or  even  the 
second  or  third  crosahead  sheave.  This  neons  that  toward  the  anchor  end  of  the 
cable  the  anyhow  low  initial  tension  of  the  cable  will  drop  Immediately  to 
tero.  Thus  alack  forma  in  the  cable,  No  appreciable  streee  propagates  over 
a  cable  in  alack  condition  as  hss  been  shown  in  Section  IV  5.  Thun  no  stress 
will  form  at  the  anchor  and  until  all  slock  has  been  picked  up  vhich  happens  with 
the  pa* .Ida  velocity  of  tt*  cable,  only.  If  all  slack  has  been  picked  up,  tbe 
anchor  suddenly  stops  the  particle  velocity  of  the  cable  producing  a  longitudinal 
impact  tension  vhich  propagates  in  opposite  direction . 
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A  quantitative  estimation  of  the  slack  formation  due  to  crosshead  notion 


can  be  obtained  in  the  following  way  (see  figure  5*0. 

U 

We  anauae  that  the  reeving  -* 


ratio  ia  2n  (  »  10  in  the  figure) 
and  that  at  the  time  t  on  each  of 
both  aides  of  the  engine  XV 
cables  are  under  tension.  Ve 
further  assume  that  the  force 
on  the  cros ahead  due  to  the 
cylinder  pressure  increases 
with  tins  t  linearly 
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FIGURE  54 
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CABLES 


P  *  ?!  t  (195) 

where  ie  a  constant,  from  the  moment  where  the  free  cable  end  begins  to 
move  longitudinally  with  a  given  constant  velocity  u.  The  tero  point  fcr 
the  time  la  the  moment  where  F  begins  to  increase.  The  equation  of  root  ion 
of  the  croe ahead  with  the  mas  M  including  sheaves  and  ray  is 

My  .  4j/(T  -T0)-  1\  t  (196) 

where  T  ia  the  average  tension  in  the  ~  V  cables  era  each  aide  which  are 
pulling  at  the  eras  ahead,  V  ia  increasing  with  the  time  disc  ant  inuously 
in  unity  steps .  For  aathsastical  convenience,  however,  thia  stepwise  increase 
ia  replaced  by  a  continuous  increase  from  f  •  0  to  y  •  a.  If  y  »  n  the  slack 
haa  been  picked  up  completely ,  Ve  denote  the  time  for  which  y  •  a  by  t*. 

The  problem  to  be  solved  la  to  determine  thia  time  t*. 

According  to  Rooks '  3  lav  at  a  time  t  »  t* 
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because  u«  -  is  the  elongation.  of  the  cable  under  teas  ion  T  at  this  time 
while  Sly  %  is  the  original  length  of  the  elongated  cable  segasrrt ,  The  time  t 
needed  for  building  up  the  tension  T  within  the  Z  o>  cables 
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because  the  stress  propagates  in  a  cable  under  tension  with  the  longitudinal 
ware  velocity  c  and  is  stopped  until  slack  is  picked  -up  with  the  velocity  u 
approximately.  Qius 


(&8) 


and  because  of  (197) 


*-y  ,  j 

~  *■  u 


T-T„  =  cf.E  |  ±2  . 


Therefore,  equation  {196)  takes  the  form 


y  = 


Xcf,  £. 


u. 


iz y 
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izy  +.  y 

c  u 
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(199) 


(200) 


(201) 
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if  we  neglect  on  the  right  aide  of  thin  equation  y  as  ■ww.i  1.  compared  with  -5 


we  obtain 


y  = 


xy.  £  u 


I 


*  1+  £■ 


u  y 


-  a  t- 


(£02) 


This  differential  equation  shows  that  y  «  0  for1  t  •  0 


(203) 
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Hfe  can  expect  that  the  alack  is  picked  up  in  the  moment  vharo  the  cros ahead  ”1 


readies  the  hipest  acceleration.  We  can  further  assume  that  the  maximum  y 


is  approximately  situated  in  the  point  1  where  y  is  the  value  given  by 


equation  (203).  We  denote  this  value  by  y*  and  get 

y*  .  &(&L  -  f  ) 

c  \  Fi  2  J 


This  is  the  y-value  corresponding  to  t*  vhich  follows  from  (196)  for  V  .  a 
and  is  approximately 


t* 


2n  ^  +  2ny» 


u 


Substituting  hare  the  value  for  y*  we  obtain 


20' 


f-r- 


(204 


representing  the  time  at  which  the  slock  due  to  the  croc  ahead  potion  has  been 


picked  up.  Here  2n  is  the  reeving  ratio,  u  thfc  velocity  of  the  cable ,  E  its 
elasticity  modulus,  c  its  longitudinal  wave  velocity,  q  its  metallic  cross  section 
area,  the  distance  between  cros ahead  sheaves  and  fixed  engine  sheaves  in 
battery  position  and  Ph  the  slope  versus  time  of  tho  force  acting  on  the  crosshead 


due  to  the  cylinder  pressure. 

Thia  cons Ida rut ion  has  to  be  Justified,  of  course,  by  the  actual  solution  of 
the  non  linear  differential  equation  (£02)  vhich  can  be  obtained  by  a  power  series 
of  the  form  y  -  ot  ^  +  o(  ^  +  -  -  -  - 

Example  i  In  the  case  of  the  Hark  5  arresting  gear,  the  foil  owing  data  are 
valid:  E  •  18,3  .  IQ8  lbs/ft2,  c  •  10,000  ft/aec,  q  •  0.0027W  ft2  for  ita 
1"  »  diameter  cable  and  ^  *23  ft.  We  consider  the  caae  of  »  2a  s  12  reeving 

ratio  and  aa  engaging  velocity  of  v0  «  171.3  ft/aec  for  which  Figure  51  shows 
measured  values.  The  impact  stress  <5  is  given  by 
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(so*  the  graph  Figure  32b).  From  the  cylinder  pressure  curve  of  Figure  51  1 

va  obtain  the  force  F  acting  on  the  crosshead  by  multiplying  the  pressure  p  with  the 

p 

piston  area  a  *  86.6  in,  and  a  friction  factor  of  1.1.  The  slope  is  found 
to  be 

-  I.W3.IC6  lbs/sec 


How 


and 


or 


9  E  u  .  0.00274.183, 102. 28.1  _  , 

Fx  ’  I7K3  * 


t*  > 


12 

10000 


(96.3  +  11.5) 


t*  -  0.128  sec, 

moment  frcn  which  the  time  t*  has  to  be  counted  is  the  moment  at  which 
the  impact  stress  reached  the  distance  2  before  the  first  crosahead  sheave. 
Between  deeklink  and  this  point;  a  cable  length  of  43  feet  was  located. 

Thus,  the  tine  in  Figure  51  corresponding  to  t*  is  equal  t#  +  0,0043  -  0,132  sec. 

The  point  indicating  this  tine  is  denoted  by  (2).  The  anchor  tension  .curve  ahovo  that 
at  this  time  the  slack  has  actually  been  picked  up  completely. 

Figure  55  ahovs  measured  values  in  the  case  of  a  Mark  J  arresting  gear 
where  q  -  O.OO519  ft2,  ^  «  35. 5^  2n  .  18,  vQ  =  208  ft/sec  and  T1  =  4.53.106 
while  the  other  data  are  the  same  as  before.  In  this  case,  formula  (204) 
yields  t*  ■  0,172  sec.  Point  @  indicates  this  value.  Other  measurements 
even  under  very  different  conditions  show  good  agreement  with  this  theory 
too,  though  the  particle  velocity  u  computed  from  the  impact  stress  and  used 
as  constant  value  in  these  computations  can  be  considered  only  as  a  rather  crude 
approximation  for  the  actually  variable  velocity  u  with  which  the  cable  is  moving. 

It  la  remarkable  that  the  mass  M  of  the  crosahead  does  not  explicitly  appear 
in  formula  (204) ,  nils  does  not  mean,  however,  that  the  result  is  independent 
Laf  M  because  the  constant  ?i  depends  on  H.  J  . 

M  «»•,  RilU..  *4  . 
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^  The  result  expressed  by  formula  (20*0  shows  that  the  slack  increases 


n 


vlth  Increasing  reeving  ratio  2n,  with  increasing  engaging  velocity  vn 
(resulting  ia  increasing  u) ,  with  Increasing  cable  diameter,  with  increasing 
♦A  (increasing  length  of  the  engine)  and  vlth  decreasing  slope  Ft  of  the 
pressuie  force  cm  the  crosshead. 

The  influence  of  3  ,  however,  is  relatively  small  compared,  with  that 

of  the  reeving  ratio  2n  so  that  Increasing  the  reeving  ratio  and  decreasing  the 

engine  length  does  not  appear  as  an  adequate  means  for  slack  prevention.  The 

mein  parameters,  influencing  slack  formation,  are  the  reeving  ratio  2n,  the 

particle  velocity  u  and  the  constant  F]_.  For  arresting  gears  with  constant 

runout  valve,  how ever,  the  ratio  £  is  rather  constant  and  the  Slack  formation, 

Fi 

therefore,  independent  of  the  engaging  speed  vQ. 

Formula  (200)  shows  that  the  tension  T  Btays  approximately  constant  during 
the  process  of  slack  pick  up  as  long  sb  u  can  be  considered  as  apprccdma*-aly 

eenataat. 


The  time  t*  of  complete  slack  removal  is  of  importance  because  from  this 
time  on  any  stress  disturbance  will  pass  through  the  cable  with  the  speed  of 
sound  c  unless  new  alack  is  produced  which  is  in  general  not  the  case. 


However,  at  the  time  t*  tbe  particle  motion  reaches  the  anchor  and  la  stopped  there 
which  results  in  a  tension  increase  as  ia  to  be  seen  in  Figures  51  and  5^. 

The  increased  force  at  the  anchor  side  of  the  crosshead  produces  higher  acceleration 
of  it,  and  a  reduction  of  the  tension  near  the  first  crosshead  sheave  until  the 
tension  produced  at  the  anchor  has  passed  through  the  engine  cables  and  arrived 
at  the  deck  link.  This  mechanism  is  clearly  to  be  seen  in  the  measurement 
represented  by  Figure  52  where  due  to  the  large  span  the  slack  Is  picked  up 
completely  before  any  new  stress  disturbance  at  the  deck  pendant  Is  produced. 


In  the  cases  of  the  measurements  represented  by  Figures  51  and  55,  however,  the 

L  J 
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tranr^rse  vav*  reaches  the  deck  sheave  shortly  after  respectively  before 
the  nlr.**  ha*  been  piched  up  completely  so  that  a  sudden  tension  increase 
occur*  vhich  superposes  the  decreasing  tension  due  to  the  inpact  at  the 


anchor. 
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Impact  of  the  Cable  at  the  Deck  Sheave 


n 


At  conventional  arresting  gears,  the  stress  in  the  deck  pendant  can  be 
considered  as  approximately  constant  until  the  transverse  wave  produced  by  the 
impact  at  the  hook  reaches,  the  deck  sheave.  Subsequently,  f-.j  moving  cable 
impacts  the  sheave,  resulting  in  a  sudden  increase  in  stresu  whlct  can  be 
computed  from  Section  IV  12.  Figure  47  shewed  the  stresses  produced  by  this 
impact  for  the  two  cases  of  a  sheave  with  mass  and  a  sheave  without  mass,  the 
latter  case  corresponding  to  slipping  of  the  cable  over  the  sheave.  Figure  47 
bad  been  computed  for  zero  initial  stress  of  the  cable.  For  small  initial 
stresses  *3^  in  comparison  with  the  resulting  impact  stresses,  the  initial 
stress  6"0  can  be  added  to  the  results  shown  in  Figure  47  in  order  to  obtain 
the  impact  stresses  at  the  initial  stress  6^  .  We  obtain  then  from  Figure  47 
for  any  engaging  velocity  ^  and  any  initial  stress  CT  ths  perpendicular 
Initial  impact  stress  and  the  stress  due  to  impact  of  the  transverse 

wave  at  the  sheave. 

The  span  of  the  deck  pendant  of  a  conventional  arresting  gear  is  usually 
aaall  (less  than  120  ft.)  so  that  any  sties*  wave  propagates  through  it  in  a 
very  short  time.  The  stress  increase  ^  ^ue  to  the  cable  impact  at 

the  sheave,  therefore,  vill  propagate  ,3  a  very  short  time  toward  the  engaging 
hook  at  7^  in  Figure  56  and  tl  .r»  be  reflected  completely.  The  returning 
stress  amount  will  pass  ovur  the  kink  in  the  cable.  The  angle  6J 

at  the  initial  kink  ware  as  shown  in  Figure  46  Is  small  enough  in  the  case  of 
conventional  engaging  speeds  in  order  to  neglect  the  change  of  6^-6^ 
while  passing  over  the  secondary  kink  in  accordance  with  the  investigation  of 
Section  IV  11,  Thus,  the  stress  in  the  deck  pendant  after  the  impact  at  the 
sheave  la  given  by 

&  —  ^  ^  6,  -  cr  )  *s  2.0 g  -  *5, 
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(Figure  57  ®bovs  these  values  versus  the  engaging  speed  in  both  cases  of  ~] 

a  sheave  with  and  without  mss  (slipping).  Also  plotted  is  the  initial  impact 
stress  S’,  and  for  comparison  the  longitudinal  Impact  stress.  The  theoretical 
curves  are  in  accordance  with  measured  values  obtained  from  the  Mark  5  and  * 

Mark  7  arresting  gears*  with  1  inch  and  1-3/8  inch  cable  diameters,  respectively. 
Most  values  for  the  stress  after  the  impact  at  the  sheave  are  scattered  around 
a  curve  which  would  be  situated  very  near  to  the  curve  corresponding  to  a 
slipping  cable  so  that  slipping  more  or  leas  of  tha  cable  over  the  sheave  must 
be  concluded  from  this  comparison  of  test  and  theory  in  spite  of  the  high 
tensions  under  which  it  generally  occurs. 


The  question  whether  or  not  the  cable  slips  aver  the  sheave  has  been 
anawred  only  quite  recently.  Originally*  slippage  has  been  assumed  as  possible. 
Later,  it  has  been  rejected  because  the  groove  in  the  sheave  never  showed  any 
signs  of  abrasion.  On  the  contrary*  it  always  showed  the  impressions  of  the 
cable  wire*.  Recent  high  speed  movie  testa,  however,  decided  the  question  in 
favor  of  slippage.  Thay  sv*n  showed  that  under  tension  the  sheave  rim  can 
move  faster  than  the  cable.  This  result  is  in  accordance  with  the  observation 
that  a  stress  wave  in  a  cable  in  general  experiences  only  nagligably  1 
disturbances  when  passing  over  a  sheave. 

The  time  £  at  which  the  impact  of  the  cable  at  the  sheave  occurs  is 


determined  by  the  relation 


where  /  is  the  distance  of  the  point  of  hook  impact  from  the  sheave  (the  f 
span  in  tha  case  of  a  center  Landing)  and  co  the  kink  velocity  which  is  given 
by  formula  (170)  ^  /F  £•-£, 

c  "  /£  "2T*  ' 


la  plotted  in  Figure  58  in  the  case  of  60  ss  O 
Point  (^)  in  figures  51  and  54  indicates  this  tiae. 

L 
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("Sines  the  distance  -/  is  in  "both  cases  nearly  the  same,  the  difference 
in  both  times  is  essentially  determined  by  the  stress  difference  in  both  cases. 
In  tbs  case  of  the  off-center  landing  represented  by  Figure  52,  the  times 
which  the  transverse  waves  need  to  reach  the  deck  sheaves  on  the  starboard 
and  port  sides  are  considerably  different  and  longer  because  of  the  large  span 
in  this  case.  In  Figur®51  and  54,  point  denotes  the  stress  due  to  impact 
at  the  sheave,  Including  the  reflection  froa  the  hook  as  computed  from  the 
theory. 

The  kink  produced  by  the  .'-jarptet  or  the  cable  at  ;.be  shelve  $  (see 
Figure  56)  propagates  toward  the  hook  at  "P  and  upon  arrival  at  this  point 
is  reflected  (see  Figure  5Q)  in  a  manner  vhich  can  be  computed  from  the  con¬ 
siderations  of  Section  IV  10,  In  general,  however,  the  increase  in  tension 
due  to  this  reflection  is  not  considerable,  but  the  sudden  change  of  the 
angle  vhich  the  cable  forms  at  the  hook  results  in  a  considerable  change  of 
the  load  exerted  by  the  cable  on  the  hook  of  the  airplane.  The  kink  due  to 
reflection  at  the  hook  T*  propagates  toward  the  sheave  £  producing 
here  another  Impact  and  so  on. 
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5.  Average  Cable  Tension  and  Equations  of  Motion  of  &  Conventional 
Arresting  Gear 

If  ve  connect  the  sheave  £  vith  the  hook  P  by  a  straight  line 
(dashed  in  Figure  59)  this  line  moves  as  point  P  is  moving. 

It  coincides  vith  the  position  cf  tha  cable  always  when  the  kink  has  reached 
the  sheave  oaf  the  hook  as  indicated,  for  instance,  by  the  special  points  £/ 
and  ^  ,  The  figure  shows  that  the  cable  section  between  a£  and  P 
performs  a  transverse  vibration  about  the  dashed  line  £P 

W«  now  neglect  this  vibration,  replacing  the  actual  motion  of  the  cable 
between  point*  $  and  P  by  a  straight  cable  £P  ,  rotating  around 
point  £  in  any  maaent,  We  further  neglect  any  longitudinal  vibration 
of  tV,  cable  which  might  take  place  between  the  hook  point  P  and  the  anchor. 

X A'. other  words,  ve  assume  that  the  tension  of  the  cable  at  any  time  £ 

is  a  constant  along  the  total  cable  changing  only  with  the  tine  /  .  This 

tension  7*  v*  derate  as  the  average  tension  in  th*  arresting  cable. 

Under  these  simplified  assumptions,  va  detensina  tha  aquations  of  the 
motion  and  cable  tension  of  a  conventional  arresting  gear  as  represented 
schematically  by  Figure  60,  The  figure  shows  the  go oca try  at  any  time  £  , 

The  cable  length  between  hook  point  and  anchor  in  battery  position  is  denoted 
by  L  ,  tha  half  span  by  ■£  ,  the  airplane  n»ea  by  f7f  ,  the  mass 

of  the  ©owing  crosshrad,  including  aheaves  and  reus  by  Pi  and  the  number  of 
cable#  puD  ing  at  tha  croashead  at  one  engine  aide  (tha  reeving  ratio)  by  i’>7. 

It  is  assured  that  the  engine  is  reeved  eysxoetricaliy  and  that  the  landing  is 
on  ceutsr.  At  the  trewuhead  other  1/7  cables  are  pulling  froa  tha  other  side-. 

Hvsy  are  not  shown  in  the  figure.  The  force  acting  against  the  croa ahead 

/*■* 

action  dua  to  th*  cyltndar  pras&ure  i«  / 
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*  Acting  against  the  airplane  motion  is  the  force  X  due  to  the  l 

tension  T  .  IS  &  is  the  angle  between  the  cable  at  time  [  and  its 
position  JO  at  time  zero  we  have 

X  -  - 


=r  Ji  ff  O 


and  since 


\ 9  ®  M  f 


[777$ 


G 


X  being  the  runout  of  the  airplane  at  time  [  we  find 

zT—JL—. 

)j  x  2  y*  /* 

According  to  Sevton's  lav,  the  equation  of  motion  of  the  airplane 

m  x  =3  -  X  • 

Replacing  X  by  the  expression  (205)  we  get 


(205) 


(2C6) 


where  X  n  —  * 

<V/4 


J  V  being  the  velocity  of  the  airplane. 

During  the  time  [  the  croa ahead  will  have  made  the  stroke  y  .  Thus, 
the  elongation  of  the  cable  due  to  the  tension  7* 

m  ~  2t)j 

and  according  to  Hooke's  lav 

(207) 


T-  T.  =  t[(  f?71‘  -l  -Xny  ) 


where  7[  la  the  Initial  tana  ion,  Cj.  the  cross  section  of  the  cable 
and  C  its  elasticity  modulus. 

Tbs  crosahaad  moves  under  the  action  of  the  tension  7"*  in  the*  cable 
segmnti  pulling  at  it  and  the  action  of  the  force  f  due  to  the  cylinder 
pressure .  Thus,  the  equation  of  motion  of  the  croa ahead  is 

(208) 


My  =  ±nT  -  f= 


according  to  Sevtoa'a  lav. 
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If  F  la  a  given  function  of  time  fc  ,  the  three  equations  (20&  (207). 

and  fgQ 8)  determine  the  three  unknown  functions  -*  ■  *Lt±  > _ y-yW 

and  7'*  B  'T'(t)  .  Replacing  T  in  equation  (207)  by  the  expreaBlon 
(206)  fra*  equation  (206)  ve  obtain  together  vith  (208)  tvo  non-linear 
second  order  differential  equations  for  the  unknown  strokes  X  and  y 
as  functions  of  time.  No  exact  general  solution  of  this  system  for  which  the 


initial  conditions  are 

*  “>  >  *  •<  ,  y  ,  y  =  °  (2o9) 

at  line  )  •  C  is  known.  However,  computer  aolutlona  will  be  available  la 
the  near  future.  Approximate  solutions  under  special  conditions  can  be  obtained 
by  existing  methods.  For  instance,  in  the  case  of  low  reeving  ratios,  such 
solutions  have  been  discussed  in  detail  by  Robert  S.  Ay  re,  using  the  phase- 
plane -delta  method 

For  the  design  of  an  arresting  gear  considerably  more  useful  is  the 
solution  of  the  problem  to  determine  F  for  an  average  tension  T  prescribed 
as  a  function  of  the  runout  A  This  problem  can  be  solved  exactly  in  the 


following  manner.  If  7"  (*)  is  given  equation  (20 6)  can  be  written  in  the 
f  ora 
or 


7?*J  -  - 


nt  XX 

2  Tx 


\  £* 


J(*x) 

d(*x) 


«  -  1 
m 


froii  which  follows 


/  «  -  — 
m 


Tex) 

\r*  V7l 

x  Tex) 


{■ 


fi/x 


(210) 


where  Y  *  X  is  the  velocity  of  the  airplane  the  initial  velocity  at 
the  time  f  •=»  C  being  /  .  The  time  f  belonging  to  the  runout 
is  then  given  by 
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n^~±  T*  x  Tr*)  ~ 

°  m.J  f^rF 

The  stroke  y  of  the  crosshead  follows  from  equations  (207)  vhlch  yields 

y  ‘  t  -fa ( f,v 

The  velocity  of  the  crosshead 

*  /  r  x  ij  ~ /  7 

J  ~  IZ  L  Jzrj*.  “  12.  f*>J  * 


where 


=  '  ttT 

T  ’  7i 


Differentiation  with  respect  to  £  yields  the  acceleration  of  the  crosshead 

)  *  V^.  -  4  ft  ■  « 

2  , 

V  is  given  by  (210).  /ax  follavs  from  (206): 


-  i  £.Ti*J.  . 

”  fZ 7’ 


r  w * 

Thus  the  unknown  f  follows  from  equation  (208)  in  the  fora 


ft*)  ■=■  Vr?  T(*) 


-  i  (-*  ,  Jl  f ,1)  a  Tfjl  1 

ft  >)  mi  J 


This  foraula  determines  the  force  ft  as  function  of  the  runout  X 
vhlch  is  required  in  order  to  obtain  the  prescribed  average  tension  » 

At  ths  tins  £  a  0  the  pressure  force  ft(o)  and  the  force  n  ^ 
due  to  cable  tension  are  supposed  to  be  in  equilihriu*  at  the  crosabead  so 
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r  that  y  *6  for  /‘s  O .  Since  there  is  at  the  time  /»  O  ~~\ 

no  deceleration  of  the  airplane  under  the  simplifying  assumptions  upon  which 
this  consideration  is  based  formula  (2lh-)  yields 


r;„  ,  ts 


(217) 


as  additional  condition  to  be  satisfied  by  the  function  7*(x)  , 

For  conventional  arresting  gears  with  high  reeving  ratio,  for  instance 
the  Mark  7  arresting  gear  with  =  /3 1  the  right  aide  of  formula  (2l6) 

ia  not  very  different  from  7*/x)  so  that  approximately 

F(X)  *  4-r?  Tex).  (218) 

/W  -  Ro 


In  Figure  55  vhich  represent*  a  Mark  7  measurement,  the  curve 
versus  time  £  has  been  plotted.  The  values  of  are 


Vr7 


computed  from 


Rf  O  ~  Ffoi  ^ 

*  ±6 


using  the  measured  values  of  the  cylinder  pressure  curve  as  prescribed  values. 
According  to  the  preceding  discussion,  this  curve  approximately  represents  the 
average  tension  values  7—  7^  ,  On  the  other  hand  vs  can  consider  the 
average  tension  7“  approximately  as  the  mean  value  at  the  anchor  tension 
and  tension  measured  in  the  deck  link.  At  the  tima  corresponding  to  point  (2) 

Thus,  the  tension  in  the  deck  link  must 
tension  value.  In  this  way,  point  (*p 

has  been  computed. 


the  anchor  tension  is  about  zero, 
be  approximately  twice  the  average 
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Tension  Vibrations  in  the  Arresting  Cable  *”1 

The  tension  in  the  arresting  cable  at  any  time  t  is  far  from  being 

constant  along  the  cable  as  a  comparison  of  the  tension  at  the  anchor  with  the 

shova 

tension  at  the  deck  linl^  as  indicated  in  Figure  54  for  Instance.  This  tension 

difference  is  caused  by  the  fact  that  a  disturbance  propagates  vith  the  finite 

velocity  C  ,  Disturbances  are  produced  by  the  initial  impact  when  the 

hook  engages  the  cable,  the  impacts  of  the  cable  at  the  deck  sheave,  the 

impacts  of  the  cable  at  the  hook  and  especially  the  longitudinal  impact  occurring 

at  the  anchor  in  the  moment  when  the  slack  is  picked  up  completely, 

Tte  initial  impact  produces  after  a  short  time  slack  (zero  tension)  in 

the  cable  at  the  anchor  and  in  the  case  of  a  conventional  arresting  gear  which 

l*  picked  up  completely  at  a  time  /  determined  before.  The  longitudinal 

motion  of  the  cable  is  in  this  moment  suddenly  stopped  by  the  anchor  resulting 

In  s  sudden  increase  in  tension.  From  this  moment  on, any  disturbance 

propagates  vith  the  speed  C  unless  nev  alack  is  produced  which  is  normally 

excluded 

acrt  the  case  and  shall  be/far  the  following  discussion.  Then  the  anchor 

A=_' 


impact  tension  arrives  at  the  deck  link  at  the  time 
and  la  reflected  at  the  hook  at  the  time  6  *  ^ 
The  reflected  wave  arrives  at  the  anchor  at  the  time 


(see  Figure  54). 

£  +  2  and  so  on. 

L  Ji 

The  first  impact  at  tha  deck  sheave  occurs  at  the  time  v  “  55, 
where  is  the  average  transverse  vave  velocity  during  the  travel  from  the 
center  span  to  the  sheave.  If  the  slack  has  been  picked  up  before  this  impact, 
the  resulting  tension  disturbance  travels  with  the  velocity  C  too.  If  we 
neglect  for  this  tension  propagation  tha  distance  between  sheave  and  hook  both 
disturbances  have  a  phase  difference  of  /  ~  4  • 


L 


J 
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i  The  aert  disturbance  occurs  when  the  transverse  wave  which  is  reflected  ~1 

L  l 

at  the  sheave  arrives  at  the  hook.  The  required  time  is  Cs  * 
where  4  denotes  distance  between  sheave  and  hook  at  time  t,  and  ^ 
the  average  transverse  wave  velocity  during  the  travel  from  the  sheave  to  the 
hook  and  so  on.  The  disturbance  travels  with  the  velocity  C  having  a 
phase  difference  ^  4  against  the  preceding  disturbance  and  so  on. 

With  increasing  time,  the  distance  between  sheave  and  hook  will  not  he 
negligible  anymore  for  the  computation  of  the  propagation  of  the  disturbance. 
However,  later  the  disturbances  will  be  damped  out  anyhow  and  will  'have  no 
interest  anymore  the  vibrations  assuming  more  and  more  at  random  character. 

At  conventional  arresting  gears,  another  disturbance  is  produced  by  the 
deck  link  connecting  the  deck  pendant  with  the  purchase  cable.  The  mass  of 
such  link  is  considerably  larger  than  the  mass  of  a  cable  segment  of  the  same 
length.  According  to  the  investigations  of  III  4(d),  the  longitudinal  stress 
propagation  is  disturbed  by  such  link  during  a  very'  short  time  only.  However, 
there  is  a  considerable  disturbance  resulting  from  a  transverse  wave  hitting 
the  deck  link.  The  magnitude  of  the  impact  stress  obtained  in  this  case  can 
be  computed  from  the  oblique  impact  formula.  Figure  (6l)  shows  a  deck  link 
tension  measurement  from  a  Mark  5  arresting  gear  in  comparison  with  the  deck 
link  and  cable  motion  obtained  from  high  speed  movie  pictures.  The  considerable 
tension  peak  (points  2  and  3)  due  to  the  impact  of  the  cable  at  the  link  should 
be  noted. 

Tbe  phase  differences  between  the  stress  waves  discussed  before  are 
important  for  the  design  of  conventional  arresting  gears.  If,  for  instance, 

C-  4 

the  initial  stress  wave  returning  from  the  anchor  in  form  of  an  anchor  impact 
wave  coincides  with  the  stress  increase  due  to  cable  impact  at  the  deck  sheave 
^at  the  time  ,  the  result  is  a  superposition  of  high  tension  peaks  in  1 


•Cooper*  reference  17 
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f""tbe  deck  pendant  which  reduces  the  applicable  engaging  speed  of  the  airplane.  ~1 
In  the  first  Mark  5  arresting  gear  design,  this  has  been  exactly  the  case. 


For  a  fixed  engaging  speed  such  coincidence  can  be  eliminated  by  changing  the 
cable  length.  However,  since  the  time  *7  depends  on  the  stress 

in  the  cable  and,  therefore,  on  the  engaging  speed  while  (for  constant  runout 

1  * 

arresting  gears)  t  is  approximately  constant  an  optimum  cable  length 

can  be  obtained  as  a  compromise  for  a  certain  speed  range  only. 

Finally  &  different  type  of  stress  vibration  has  to  be  mentioned.  It 

is  that  of  the  average  tension  7~  due  to  the  mass  of  the  crosshead.  If 

the  mass  M  of  the  crosshead  is  large,  its  response  to  an  increasing  or 

*■» 

decreasing  tension  7*  will  be  slow.  Thus  the  tension  will  Increase  to  a 
higher  value  before  it  starts  moving  and  will  drop  to  a  lower  value  before 
it  stops  moving  compared  with  the  case  of  a  small  ,  This  shows  that  the 

cable  and  the  mass  of  the  crosshead  form  a  vibrating  system.  In  order  to 
determine  this  vibration  and  especially  its  frequency,  we  assume  that  X  = 
is  known  and  replace  T  in  equation  (208)  from  equation  (207 )  which 


yield* 


where 


y  + 


y  =  5 “It) 


<pti)  -  jf  [  %+•  .  t)]  - 


(219) 


(220) 


This  is  the  differential  equation  of  a  forced  vibration.  Its  solution  with 


the  initial  conditions 


t  =  o 
6 


yz  ±  Cfijvt 

t  e 


(2a) 
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/  &r?\y  £ 

~TM 


n 

(222) 


Replacing  now  J  in  equation  (207)  "by  this  solution  we  obtain 


6 

For  the  time  immediately  after  the  engagement  we  have  approximately 


x  »  ^  zr  ,  •»  71  +  i 

(224) 

where  is  a  constant.  Thus  for  small  t  values 

< Vtt )  »  K  (  »i’)i 

(225) 

where  i  . 

_  j.  1  . 

*  4/t?  /"t 

(226) 

With  this  function  the  integrals  in  (223)  can  be  evaluated  analytically 
and  yield  the  result 

T.r0  +  tl[ '/£?_/  +-£(*-  Jwt  -  <»hx)' ]  ■  (227) 

This  result  shows  that  the  average  tension  7~  contains  a  vibration  r*j  vS 
where  &  is  determined  by  formula  (222),  In  the  case  of  the  Mark  7  arresting 

gear  where 

Xt)  *  H  ,  f  -  O.cOSKj  //  ,  £  =  t$.Z  >  J0  //.>///“, 

Z  =  "W  Si  ,  4&.  stcVsi 

we  obtain  from  this  formula 

>»  »  /*.?.  * 

which  means  a  rather  high  frequency. 
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I  7.  Multicylinder  Arresting  Engine  I 

In  order  to  avoid  tension  peak*  in  limited  area*  of  the  arresting  cable 
which  will  reduce  the  performance  of  the  arresting  gear,  ve  have  to  try  to 
distribute  the  amount  of  energy  transmitted  to  the  cable  in  form  of  strain 
energy,  for  instance  by  an  impact,  immediately  over  the  total  cable.  Several 
methods  to  do  this  have  been  proposed  by  the  author  of  the  present  monography 
and  ah*!!  be  discussed  briefly  in  the  following  sections.  The  first  method 
consists  in  using  a  large  number  of  small  cylinders  instead  of  a  large  cylinder 
as  indicated  in  the  schematics!  figure  62.  The  piston  of  each  cylinder  carries 
one  crosshead  sheave.  All  pistons  are  able  to  move  independently.  All  cylinders 
are  close  together  and  connected  by  pipes  so  that  the  fluid  can  move  freely  from 
one  cylinder  into  another.  The  cable  is  reeved  like  a  conventional  arresting  engine. 

Any  tension  increase  in  the  deck  pendant  propagates  to  the  sheave  attached 
to  the  first  piston  and  pushes  this  into  the  first  cylinder.  The  rising  pressure 
In  the  liquid  propagates  Into  the  other  cylinders  pushing  the  pistons  out  and 
produces  tension  in  the  cable.  Though  the  velocity  of  the  pressure  propagation 
in  a  liquid  is  only  about  one -half  of  that  of  the  stress  propagation  in  the 
cable,  the  energy  transmitted  to  the  cable  in  fora  of  strain  energy  lo  dis¬ 
tributed  nearly  at  the  same  tins  over  the  total  cable  because  the  distance 
between  the  pistons  in  the  liquid  are  due  to  the  compact  arrangement  of  the 
cylinders  by  far  shorter  than  the  distance  along  the  cable.  The  pressure  is 
controlled  by  a  valve  in  any  conventional  way.  Any  disturbance  of  the  tension 
at  any  place  in  the  system  is  distributed  by  this  device  in  a  very  short  time 
over  the  total  cable  so  that  superpositions  of  tension  peaks  never  can  occur. 

Since  the  total  piston  area  can  be  made  large  without  increasing  the  mass  of  the 
tingle  oro* ahead*  and  pistons  too  much,  this  arresting  engine  cap  be  operated 
at  considerably  lever  pressures  compared  with  conventional  engines  of  the  same 
^performance, 

««|,  MUl».  »a  « 
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Because  the  tension  in  the  cable  vili  not  deviate  considerably  from  the 
average  cable  tension  as  defined  in  section  V5,  the  required  pressure  can  be 
computed  directly  from  the  equations  of  this  section  without  particular 
coasideratic&i  of  disturbances  due  to  impacts.  No  alack  will  ever  form  in 
this  system. 
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[?.  Blacklegs  Reeving  Systems  and  Movlr.g  Sheaves 

A  second  nsathod  far  distributing  an  energy  amount  in  form  of  strain  energy 
simultaneously  over  the  total  cable  in  a  more  or  less  perfect  way  consists  in  the 
use  of  alacklesa  reeving  systems.  For  instance,  a  reeving  system  as  shewn 
in  Figure  63  consists  of  the  conventional  moving  crosehead  and  a  conventional  set 
of  fixed  sheaves.  In  between  pairs  of  sheaves  are  arranged  vhich  can  move  along 
short  tracks.  The  cable  is  reeved  as  indicated  in  the  figure.  A  stress  produced 
in  the  deck  pendant  propagates  now  in  a  very  short  time  along  the  cable  segment 
which  runs  in  turn  over  a  fixed  sheave  and  one  of  tha  movable  pairs  because  this 
cable  segsasnt  is  very  short  in  comparison  with  the  total  cable  length.  The 
stress  in  this  cable  segment  is  transmitted  also  in  a  very  short  time  to  the 
cable  segments  between  the  sheaves  of  the  moving  crosshead  and  the  other  sheaves 
of  the  moving  pairs.  Similarly,  any  disturbance  at  any  place  in  the  system  iB 
distributed  in  a  short  time  over  the  total  cable.  The  tracks for  the  moving 
pairs  have  to  be  short  because  they  have  to  move  only  about  a  distance  vhich 
is  sufficient  to  equalise  the  tensiono  in  the  cable  segments. 

Examples  for  other  slacklcss  reeving  systems  are  represented  In  Figure  6k 
where  fixed  sheaves  are  shaded.  Here,  however,  tracks  of  considerable  length 
for  the  moving  pairs  are  required.  The  longest  must  have  the  length  of  about 
one -half  of  the  total  runout. 

The  slaeklesa  reeving  systems  diocuaead  before  are  characterized  by  the 
use  of  moving  aheaveo.  If  the  installation  cf  such  system  at  an  existing 
engine  Is  impossible,  single  moving  sheaves  connected  with  a  separate  damper 
or  ahoek  absorber  might  bs  feasible  and  useful.  For  instance,  a  system  as 
shown  in  Figure  65  can  be  used  to  eliminate  the  adverse  effect  of  the  cable 
impact  at  the  deck  sheave  which  usually  produces  the  highest  tension  peak, 
i#  <**ck  sheave.  Between  S  and  another  fixed  sheave  S 
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&  movable  sheave  />  connected  with  the  piston  of  a  shock  absorber  is  installed. 

By  controlling  the  pressure  p  in  the  shock  absorber  autooat icc.lly  the 
incoming  initial  impact  tension  or  the  tension  increase  due  to  impact  of  the  cable  at 
the  deck  sheave  can  be  reduced  to  a  desired  degree.  Analytical  and  experimental 
investigation  of  such  and  similar  systems  are  in  preparation. 

;  We  denote  by  77  the  tension  in  the  cable  due  to  the  initial  impact^by 
the  length  of  the  cable  segment  S.  =  &S  where 

is  the  initial  position  of  the  movable  sheave  /S1  and  by  (X  the  angle 
between  and  the  axis  of  the  piston,  rrt  is  the  maos  of  the 

moving  sheave  including  ram  and  piston.  We  approximately  determine  here  the 
required  force  r  as  function  of  the  time  /  in  order  to  produce 
a  given  tension  7""*  in  the  cable  due  to  the  motion  of  the  sheave.  We  can 
assume  that  the  tension  due  to  the  motion  at  the  time  /  i a  distributed  equally 

along  the  cable  between  the  hook  point  and  the  point  in  the  distance  d"/  from 
the  hook  point.  Then 


T  -  T 


,  A-** 
cf 


(228) 


because  2  (  )  »  J  „  )  1*  the  cable  length  about  which  the  cable  length 
hae  been  shortened  due  to  the  sheave  motion.  Frcxn  the  geometry  of  Figure  65 
f  oil ova  further 


ic 


(229) 


and 


y 


j  a*  rAT  <X0  -  C'fq  C<  .  (230) 

The  equation  of  motion  of  the  sheave  is 

r* 

my  ZT  C(fj  oL  -  F(£)  (231) 

If  new  T*  is  a  prescribed  function  of  f  equation  (228)  date  mines  J  »  Jf/-} 
Fro*  equation  (229)  follows  o<  *  <x(t)  ,  Thus,  from  equation  (230)  J  ^y^J 
known  and  equation  (231)  determines  subsequently  the  required  force  _J 

» v  » *  ■  *  »  40,  wit*.,  M  . 
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F=  F(t) 

from  which  the  required  cylinder  pressure  p  as  function  cf  /  or  aa 

function  of  the  stroke  y  can  he  computed.  This  c amputation  is  valid 

a 

only  for/tiaa  during  -which  no  reflected  stress  wave  returned  to  the  moving 
sheave.  After  this  time  the  computation  can  be  continued  similarly  under  new- 
initial  conditions. 

By  a  corresponding  approximate  method  the  required  force  F  can  be 
determined  which  has  to  act  against  a  movable  deck  sheave  in  order  to  obtain 
a  prescribed  cable  tension  (see  Figure  66).  Here  we  assume  that  the  deck 
■heave  with  the  mass  frf  including  all  movable  parts  starts  its  motion 
perpendicular  to  the  deck  pendant  along  a  track  under  the  influence  of  the 
tension  7J  produced  by  the  initial  impact  the  farce  F~  acting  in 
oppoeit*  direction. 

Since  the  uses  rtl  starts  its  motion  from  tero  velocity  under  the 
influence  of  7J  we  can  assume  that  the  angle  ^3  of  the  deck  pendant 
after  a  short  tins  t  is  negligibly  small.  Then  m  is  moving  under 
the  force  T*  -  F  .  IXie  to  the  motion  of  the  sheave,  about  the  amount  j/ 
the  cable  is  shortened  about  the  same  amount.  Thus 

7*-  T*  r7  f  £  (232) 

where  again  la  assumed  that  the  -tension  7~*  la  spread  uniformly  over  the 
length  ct  .  The  equation  of  motion  of  the  sheave  Is 

my  =  T-  F//J  .  (233) 

If  now  T  Is  *  prescribed  function  of  the  time  f  equation  (232) 
determines  y  aa  function  of  /  .  Thus  Ff  t)  can  be  ccasputed  from 

equation  (233).  Eliminating  y  from  the  equations  (232)  and  (233)  ve  obtain 
for  the  required  force 

Fll)  -  T  f  22  f  *Tf  i  T)  ■ 
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This  result  la  valid  only  for  a  abort  time  after  the  start  of  the  notion 
of  tbs  sheave  according  to  the  simplifying  as sumt ions  made  before  and  at  most 
until  the  transverse  wave  hits  the  moving  sheave* 

Of  particular  interest  is  the  case 

r-  7; 

vhere  7"*  is  exponentially  decreasing  vith  the  time  £> 

In  this  case  formula  (234)  yields 


n 


(235) 


F=(‘-t) 


rr?c  +  ^  n?c 


)  V 


e 


(236) 


f£.  " 

For  practical  applications  the  controlling  force  F  vill  have  to  be  zero 
at  the  moment  '£*  0  vhere  the  tension  reaches  the  sheave  because 

otherwise  it  vould  have  to  :;Jusp  exactly  in  this  moment  to  the  required  value 
vhich  seems  difficult  to  realize.  This  condition  can  be  satisfied  in  the 
present  cose  by  chosing 

4-  , 

c  me 


The  force  F  i*  then  determined  by 


2  t  T 

Si  *  '* 


(237) 

(236} 


This  result  is  represented  for  a  1-3/8"  cable  and  sheave  wights  of 


1000,  2000  and  4000  pounds  in  Figures  6?  and  68.  The  first  of  these  figures 
shew*  the  decreasing  tensions  in  the  three  cases.  The  second  represents 
the  carre  speeding  control  forces  F  . 
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FIGURE  67 
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f?.  The  Water  Squeeser  ”1 

Closely  related  to  tbs  last  problem  of  the  preceding  section  is  the 
starting  problem  of  a  simple  type  of  hydraulic  arresting  engine  presently  under 
development  at  All  American  Engineering  Company,  Wilmington,  Delaware,  called 
tbs  "water  squeezer."  It  consists  basically  of  a  long  closed  tube  of  variable 
inside  cross  section  or  any  equivalent  device  through  which  a  floating  piston 
is  pulled  directly  by  the  arresting  cable  (see  the  schematic  figure  69). 

The  cable  seals  the  tube  which  is  filled  with  water.  The  orifice  between 
piston  and  wall  of  the  tube  provides  the  controlling  force  F  required 
for  a  desired  cable  tension. 

The  tension  Tf  due  to  the  initial  impact  at  the  deck  pendant  propagates 
along  the  cable  and  is  reflected  completely  at  the  mass  rrt  of  the  piston  so 
that  the  piston  starts  to  move  due  to  the  tension  27}  ,  If  x  is 

the  stroke  of  the  piston  after  &  short  time  t  the  cable  segment  between  the 
piston  and  the  point  in  the  distance  ct  is  shortened  about  the  amounts. 

Thus  the  tension  7*  in  this  cable  segment  is  given  by 

i  V-r  «  •  (239) 

The  equation  of  motion  cf  the  piston  is 

rr?  x  e=-  7*-  /y/j  (2U0) 

aa  long  as  no  new  tenoicn  wave  arrives  at  the  piston.  If  we  eliminate  X 
from  these  two  equations  va  obtain 

m)~  r+’SL£(ir+rr) 

which  Is  identical  with  equation  (234)  of  the  preceding  section. 

Thus  In  particular  t to  result  represented  by  the  Figures  67  and  68  can 
be  applied  directly  to  the  water  squeeeer  with  the  difference  only  that  7} 
has  to  be  replaced  by  1,7}  .A  satisfactory  performance,  however,  can  be 
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expected,  only  if  the  tension  T*  which  is  lower  then  Jl'T,  arrives  at 
the  deck  pendant  before  the  transverse  impact  wave  reaches  the  deck  sheave. 
Unless  the  deck  span  has  a  considerable  length  too,  if  the  water  squeezer 
is  long,  the  tension  3  7J  will  be  superposed  by  the  impact  tension  at  the 
deck  sheave.  At  a  conventional  deck  span  a  long  water  squeezer  will  give 
satisfactory  results  only  if  it  is  coupled  with  a  moving  deck  sheave  or  a 
moving  sheave  device  as  represented  by  Figure  65. 
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[TO.  Three -DiaanBional  Cable  Motion,  Double  Wire  Engagements  | 

The  investigations  of  this  iconography  have  been  restricted  to  two- 
dimensional  cable  motions  up  to  tVJLa  point.  However t  the  method  of  analysing 
such  motion  by  a  sequence  of  oblique  impacts  is  applicable  also  to  three- 
dimensional  problems.  This  will  be  explained  in  the  present  section  at  tvo 
problems  arts  log  vith  the  airplane  arrestment. 

The  tall  hook  of  the  airplane  to  be  arrested  has  in  the  moment  of  cable 
engagement  a  downward  position  forming  with  the  deck  an  angle  which  can  be  aa 
large  as  9O8  depending  on  the  installation  of  the  hook  at  the  airplane  and 
the  position  of  the  landing  airplane  against  the  deck  (see  figure  70) . 

For  simplicity  1st  us  assume  that  the  airplane  moves  parallel  to  the  deck 
from  the  moment  of  engagement  on.  If  we  neglect  the  mass  of  the  hook,  ita 
direction  subsequently  will  be  that  of  the  force  vhich  the  cable  exerts  on 
it.  The  motion  of  the  hook  point  ia;  therefore,  that  described  by  a 
tractrix. 

Ua  dsnote  the  length  of  the  hook  ahAnk  by  l  t  the  distance  of  ita 
pivot  point  from  the  deck  by  h  and  its  variable  angle  vith  the  deck  by  Oi  . 
In  tha  assjant  of  eag&gesant  at  the  time  *  «  O  the  value  of  OC  is  denoted 
by  ot0  which  is  s  given  value.  The  #  -  sxis  a?  a  rectangular  coordinate 
systsa  Shaw  ■  into  tbs  direction  of  tha  mbviag  airylsao,  the  y  axle  being 
perpendicular  to  the  deck,  The  origin  O  ie  tha  engaging  point  of  tl*3 
csbl*.  From  Figure  70  follows  than 

X  a  Vt>  1  *  ■/  rVf  ol0  -  J < W  oC 

y  ~  f /,  rf  oc 


u 
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where  V0  ia  the  landing  velocity  of  the  airplane.  From  these  equations 
we  obtain  the  result  that  the  motion  of  the  hook  point  is  given  by  the 
aquations; 

X  *  V9t  +  let*  ot0  -  f  fa  j?//-  t0) 


y 


h  - 


1 


j  (6- 4j 


t9  is 


determined  by 


S  /.  -Mi' 


where  the  constant 


This  result  can  bo  written  in  dimensionless  fora.  We  introduce  two 
constants  XC)  yo  setting 


The  velocity  components  x  y  y  of  the  hook  point  are  given  by 


JL  x  fa  ~f  .  X  = 

v*  ~  J  *0  i*  w  r 


(ala) 

(242) 

(243) 


X# 

/ 

3  raj  <*„  *  j  4  ,  ^ 

(244) 

and  a  tr&nsf  firmed  time 

r  =  j'  //-/J 

0*5) 

and  obtain 

(246) 

-  t  -  7^  7~ 

T  . . ' 

/  Cfrlt,  f 

(247) 

Figure  71  shows  this  curve. 
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and  its  velocity  V  by 
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r  The  hook  point  motion  as  described  before  is  determined  from  kinematics!  H 
considerations  only.  If  we  replace  this  motion  approximately  by  two  impact 
motions,  one  with  the  perpendicular  impact  direction  oC6  and  another 
oblique  impact  motion  which  results  in  a  horizontal  motion  we  obtain  a 
cable  shape  as  indicated  in  Figure  72.  TLe  cable  tensions  can  be  computed 
approximately  from  results  obtained  in  Chapter  IV. 

We  now  have  between  the  hook  point  P  and  one  of  the  deck  sheaves  *S 
two  kinks  and  in  the  cable.  Both  are  moving  toward  with 

a  speed  which  is  determined  by  the  stress  is  the  cable.  When  Q,  finally 
has  reached  the  sheave  £  the  downward  motion  of  the  cable  segment  7°$t 
is  stopped  at  /S1  and  the  cable  will  start  to  lie  down  on  the  deck  a  process  which 
propagates  from  £  toward  the  hook  point  P  with  the  effect  that  finally 
the  hook  point  Is  pulled  down  to  the  deck.  Immediately  afterwards  the  hook 
point  will  start  to  move  upward  again  similarly  to  the  upward  motion  after  the 
initial  engagement. 


The  actual  motion  of  the  cable  after  the  initial  engagement  is  shown  in 
the  photographs,  Figures  73  tnrough  Figure  8l.  The  first  of  these  pictures 
is  remarkable  as  a  document  for  the  precision  with  which  the  initial  kink 
wave  occurs.  In  the  following  pictures  it  can  be  seen  clearly  how  the  initial 
cable  triangle  is  bent  over  into  the  horizontal  plane  as  described  before. 

The  last  four  pictures  show  on  the  ether  Bide  of  the  deck  how  the  kink  3, 
moves  toward  the  sheave  bringing  the  cable  gradually  down.  In  the  last 
picture  <#,  has  just  reached  the  deck  link.  Shortly  afterward,  the  cable 
will  lie  devn  an  the  deck  near  the  sheave. 

A  serious  problem  for  a  safe  operation  of  an  arresting  gear  is  presented 
by  the  downward  motion  of  the  deck  link  in  its  convent iona}  form  (see  Figure  82). 
If  there  is  a  downward  motion  of  the  airplane  tail  after  the  engagement 
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FIGURE  77 

CABLE  CONFIGURATI0H  AFTER  LHP ACT 
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cable  configuration  after  impact 
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ftbs  downward  motion  of  the  link  vith  the  motion  of  the  cable  vill  be  increased  1 
and  in  any  ease  the  link  vill  hit  the  deck  vith  a  finite  speed.  By  the  deck 
Unk  in  this  ease  a  transverse  cable  impact  stress  is  produced  in  that  moment 
which  propagates  into  the  link  while  at  the  same  time  the  terminal  A 
(see  Figure  82)  is  elastically  repelled  from  the  deck  and  produces  a  transverse 
impact  at  ths  terminal  -5  .  Superpositions  of  the  produced  stresses 

and  their  reflections  combined  with  local  stress  concentrations  due  to  the 
structure  of  the  link  can  result  in  peak  stresses  which  are  sufficiently 
high  in  order  to  break  the  terminal  JQ  . 

From  the  standpoint  of  cable  dynamics  this  peak  stress  con  be  reduced 
salnly  by  reducing  the  angle  0Co  between  hock  and  deck  (see  Figure  70) 
in  the  accent  of  engagement  and  by  reducing  large  tension  vibrations  in  the 
cable  in  order  to  avoid  high  tension  in  the  cable  in  the  moment  of  downward 
motion  of  the  link. 

Ta*  last  condition  will  result  In  the  use  of  sl^cklsse  reeving  systems 
or  multi -cylinder  engines.  Then,  however,  deck  links  can  be  eliminated  com¬ 
pletely  by  shifting  the  cable  about  a  small  amount  ±i±b  the  ribbon  of  &  type¬ 
writer  after  each  engagement.  This  can  be  dona  automatically  with  each 
retraction.  Probability  investigaticna  have  shown  that  a  deck  epan  length 
c*  100  fset  can  be  engaged  mre  than  10  times  &s  frequently  as  in  the  case 
of  a  deck  pendant  with  links  beside  the  fact  that  the  total  cable  ia  usable 
for  engagement. 

Another  problem  related  to  the  consi derations  of  this  section  is  that  of 
louble  wire  engagement  a.  According  to  these  considerations,  the  hook 
cornea  down  to  ths  deck  after  a  certain  tine  after  the  engagement  vhich  can  be 
cenputed  from  the  time  a  transverse  wave  needs  to  travel  from  the  point  of 
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1  engagement  in  the  center  of  the  deck  pendant  up  to  the  sheave  and  the  tine  ' 


for  such  wave  travel  between  sheave  and  hook.  Both  tines  are  dependent  on 
the  stress  in  the  cable  and,  therefore,  on  the  engaging  velocity.  In  Figure 
83,  these  two  tines  are  denoted  by  and  .  If  the  airplane  passes 

over  a  deck  pendant,  the  main  wheels  depress  the  cable.  These  transverse 
depressions  travel  to  the  deck  sheave  with  a  speed  corresponding  to  the 
initial  tension  in  the  cable  and  return  from  the  sheave  with  the  uaae  speed 
in  fora  of  an  elevation.  If  this  elevation  arrives  at  the  center  of  the 
deck  pendant  at  the  same  time  when  the  hook  with  the  preceding  deck  pendant 
COSHES  down  to  the  deck,  the  poeaibility  of  a  double  wire  engagement  is 
created.  Of  course,  the  possibility  of  ouch  coincidence  depends  on  the 
spacing s  of  the  deck  pendants  and  their  lengths,  beside  the  wave  velocities. 
Figurs  83  in  computed  for  the  case  of  a  Mark  7  arresting  gear  vith  a  I-3/8" 
cable.  The  vave  velocities  have  been  counted  from  measured  average  cable 
tensions  during  the  wines  in  question.  There  are  two  seta  of  curves  characterize 
by  span  lengths  and  by  spacing  distance.  The  intersection  of  two  curves 
(one  of  each  set)  corresponds  to  a  possible  double  wire  engagement  and  determines 
the-  engaging  velocity  at  which  it  can  occur.  The  solid  circular  point,  for 
instance,  shows  that  at  a  deck  span  length  of  93  feet  and  a  spacing  of  20  feet 
s  double  wire  engagement  is  possible  at  an  engaging  velocity  of  about  73  knots 

and  that  the  time  4*4  between  first  and  second  engagement  is  about  ,16 
seconds.  The  plotted  points  ehev  the  existing  conditions  for  several  aircraft 
carrier  classes  which  ans  favorable  for  double  wire  engagements.  It  can  be 
shewn,  however,  that  double  wire  engagements  are  possible  only  for  rather  accurat 
center  landings. 
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rFinaO.  Remarks 

I 

This  monography  on  cable  dynamics  is  an  extended  version  of  a  series  of 
lectures  the  author  presented  in  Philadelphia,  Pa.  and  Los  Angelos,  Calif., 
in  1955  to  selected  group*  of  engineers  and  scientists  of  industry  and  Government 
in  order  to  furnish  information  on  problems  and  methods  which  the  development 
of  the  aircraft  arresting  gear  instigated.  Though  these  investigations  are  of 
general  technical  and  scientific  interest,  the  purpose  for  which  they  have 
been  done  involves  that  this  booh  is  rather  a  presentation  of  selected  subjects 
of  cable  dynamics  than  a  textbook  of  the  field.  For  those  who  wish  to  obtain 
a  more  complete  knowledge  of  the  total  field  of  cable  dynamics,  some  books 
which  will  close  the  existing  gaps  have  been  included  in  the  list  of  references. 

A  considerable  number  of  problems  in  this  monography  could  be  solved 
only  by  rather  crude  approximations.  The  possible  solutions  of  others  have 
been  sketched  only.  Many  analytical  and  experimental  investigations  are  still 
underway.  Therefore,  in  carder  to  avoid  a  further  delay  of  this  publication, 
it  is  intended  to  add  currently  the  result*  of  such  investigations  to  this 
monography  in  the  fora  of  appendices  as  soon  aa  they  are  available. 
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